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Abstract. In this paper, we propose an equilibrium model for the joint price
formation of allowances issued by regulators in the framework of a cap-and-
trade scheme such as the European Union Emissions Trading Scheme (EU
ETS) and offset certificates such as CERs generated within the framework of
the Clean Development Mechanism (CDM) or the Joint Implementation (JI)
of the Kyoto Protocol. The main thrust of the paper is to derive equilibrium
price formulas which explain the spreads observed historically.
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1. Introduction

The Kyoto protocol offers three flexible mechanisms to meet pollution targets. The
first is emission trading. Based on the success of the SO, and NO, markets set
up in the US in the 1980s and the subsequent acid rain program, several regional
voluntary markets have sprouted with various degrees of success. The most ambi-
tious of these attempts is the recent Regional Greenhouse Gas Initiative (RGGL,).
While limited to electric power plants in Northeastern and Mid-Atlantic states, it
is the first mandatory market-based effort in the United States to reduce green-
house gas emissions: its goal is to reduce CO5 emissions from these installations
by 10% by 2018. However, the European Union Emission Trading Scheme (EU
ETS) is the largest mandatory market of emission allowances. It was set up by
Directive 2003/87/ec of the European parliament as a market mechanism to help
its participants meet the Green House Gas (GHG) emission reduction targets set
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within the Kyoto protocol signed by its members. The gory details of EU ETS
can be found in the original directive [1] and a comprehensive presentation can
be found in the edited volume [8]. A number of alternative approaches to GHG
mitigation are under consideration in the United States and a measure proposing
a national cap-and-trade system (the American Clean Energy and Security Act
of 2009 also known and the Waxman-Makey bill) was recently voted by the US
House of Representatives, and is soon to be considered by the Senate. If such a
legislation is voted, it is highly likely that countries like Canada, Japan, Australia,
New Zeland, etc. will follow suit and the carbon markets could become some of
the largest and most active financial markets in the near future.

The other flexible mechanisms proposed by the Kyoto protocol are the Clean
Development Mechanism (CDM) and the Joint Implementation (JI). They differ
in that they apply to different geographic regions and are governed by different
rules and different bodies. For example, JI status can be given to projects located
in economies in transition while CDM status is granted to projects in developing
countries. However, because of their strong similarities, we will only refer to the
Clean Development Mechanism in this paper.

The CDM allows emission-reduction (or emission removal) projects in devel-
oping countries to earn Certified Emission Reduction (CER) credits, each equiva-
lent to one ton of COs. These CERs can be traded and sold, and used by indus-
trialized countries to a meet a part of their emission reduction targets under the
Kyoto Protocol. The mechanism stimulates sustainable development and emission
reductions, while giving industrialized countries some flexibility in how they meet
their emission reduction targets.

The projects must qualify through a rigorous and public registration and is-
suance process designed to ensure real, measurable and verifiable emission reduc-
tions that are additional to what would have occurred without the project. The
mechanism is overseen by the CDM Executive Board which ultimately reports to
the countries that have ratified the Kyoto Protocol. In order to be considered for
registration, a project must first be approved by the Designated National Author-
ities (DNA). Operational since the beginning of 2006, the mechanism has already
registered more than 1,000 projects and is anticipated to produce CERs amounting
to more than 2.7 billion tonnes of CO5 equivalent in the first commitment period
of the Kyoto Protocol, 2008 — 2012.

A general description of the framework of JI and CDM can be found in [13]
and [14] and the practical elements of their financial implications in [9]., Equilib-
rium models for simple forms of cap-and-trade schemes not including the trading
of offsets generated by mechanisms like the CDM or JI have been studied by many
authors since the groundbreaking work of Montgomery [10] in the deterministic
case. See for example [3, 5, 4] for example. The specific issues related to banking of
allowances from one compliance period to the next was already studied in [7, 12]
and [11] for example.

We close this introduction with a short survey of the contents of the paper.
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Section 2 presents our mathematical model of the economy. The economic
agents we consider are firms or installations covered by cap-and-trade regulations.
The firms are involved in different markets, and these markets are subject to regu-
lations with different (non-overlaping) compliance periods. They produce and sell
goods. They are risk neutral as they aim at maximizing their expected terminal
wealth, using linear utility. They face an inelastic demand. This assumption may
be restrictive for some markets, but it will come handy with our equilibrium anal-
ysis. Production processes are the source of an externality, say emissions of GHGs,
and market mechanisms in the form of cap-and-trade regulations are imposed to
control and possibly reduce these emissions. Most inputs of our model, demands
for goods, costs of production, etc. are given by stochastic processes. Already,
equilibrium models have been proposed and used in stochastic frameworks to en-
lighten price formation for the pollution certificates issued by the regulators (see
for example [5]) or for the joint formation of the prices of goods and emissions (see
for example [4]). As a minor side effect, the present paper gives a generalization of
the analysis of [5] to the multi-markets, multi-compliance periods framework. But
most importantly, our new model accommodates different abatement strategies,
say based on short term or long term abatement measures, and so doing, can be
used to model emission reduction by means of projects covered by the Clean De-
velopment Mechanism of the Kyoto protocol. The main thrust of the paper is the
joint price formation for pollution permits coming from two different sources: 1)
standard emission cap-and-trade schemes, and 2) the Clean Development Mecha-
nism. Prices appear in a competitive equilibrium based on a model of short and
long term abatement strategies, emission trading involving physical and financial
positions and regulatory compliance restrictions. The gory details are spelled out
in Section 2 below. We choose to work in the framework of discrete time processes
for the sake of convenience only. But even then, notations are rather involved and
to help the reader follow the presentation, we collected most of the notations and
the definitions in two short appendices at the end of the paper. These appendices
play the role of an index of notation.

The competitive equilibrium set-up is given in Section 3. We first articulate
the optimization problem faced by each individual firm, we give the definition of
the notion of equilibrium appropriate for our model, and we give an equivalence
result which reduces the equilibrium analysis to the study of a reduced form of
equilibrium for a simpler model not involving trading. We then formulate the prob-
lem of an informed central planner (the so-called representative agent) and rewrite
its optimization problem as a large linear program in function space. Note that,
despite the fact that like in [4] we use properties of the weak* topologies of L*°-
spaces when in duality with L'-spaces, the proof given here is quite different since
it relies on established properties of the theory of linear programming in infinte
dimensional topological vector spaces. Duality theory is used and the complemen-
tarity slackness conditions are spelled out carefully as they are the main source
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of information from which properties of the equilibrium prices are derived in the
following Section 4.

An interesting phenomenon is illustrated in Figure 1. The price of a CER is
not equal to the price of an EUA even though a CER, like an EUA, is a certifi-
cate which can be used to offset one ton-equivalent of COs emissions. The spread
between the prices of these two offsets is a source of risk for the emission market
participants, and various forms of trading this spread have emerged as risk mit-
igation maneuvers. It is enlightening to see that the equilibrium prices produced
by our model do exhibit a spread, and in some sense, its analysis is the main
goal of Section 4. We give several formulas expressing this difference in price be-
tween regular allowances and CERs, and we give intuitive explanations for their
existence.

In this paper, we use the following conventions: we restrict the word allowance
or allowance certificate for the permits issued by the regulator of a given market,
while we use CER for permits and certificates generated through the Clean De-
velopment Mechanism (CDM) and Joint Implementation (JI). The generic term
offset will refer to either one of these types of certificates.

2. Joint Model for Multiple Emissions Markets

In this section we present the set-up of our mathematical analysis. We consider
an economy with different emission markets m € M. Each market covers a certain
set of firms I(m), with I(m)NI(m') = 0 if m # m’. This assumption is justified if
one thinks of national or regional markets whose coverages are naturally disjoint.
We denote by I the set of all the agents, i.e. the union of all the I(m), I :=
Umenr 1(m). We assume that each market is similar to EU ETS, and comprises
a finite set Q(m) = {1,...,|Q(m)|} of consecutive compliance periods. We denote
by T¢" < Ti" < --- < T;" the end points of the compliance periods. In other words,
[T7"1,T;"] is the g-th compliance period in emissions market m € M. In order to
avoid unnecessary technical issues we assume that no two markets have compliance
periods ending at the same time, i.e. for all m # m’ € M it holds that T;" # T;?/
for all ¢ € Q(m) and ¢ € Q(m’). Moreover we assume that emission trading
stops at Tl%(m)l' This could be either because transition to clean technologies
is completed, or after time T|75(m)\ emission trading schemes do not couple to
preceding periods (i.e. banking is not allowed and penalty is purely financial).
Further, we denote by 7' = max{T}5,,, [m € M} the last time point of our model.
Also for notational ease we introduce the set P = {1,...,%> -,/ [Q(m)[} and
denote by (T},)pep the vector of subsequent compliance time points such that for
each m € M and ¢ € Q(m) there exists a p € P with T}, = T and T}, < T if
and only if p < p/.

The main thrust of the paper is to propose a model for the coupling of the
different markets through the Clean Development mechanism (CDM) by allowing
each firm i € I to use up to a certain amount x* of Certified Emission Reductions
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(CER) for compliance. Notice that countries where CDM projects are carried out
are usualy not covered by emission trading schemes. For notational convenience
we consider these markets to be covered by emission trading schemes with zero
penalty and without allocation.

In what follows (0, F,{F:, t € {0,1,...,T}},P) is a filtered probability
space. We assume that F is complete and that Fy contains all the sets of probability
zero. We denote by E[.] the expectation operator under probability P and by
E¢[.] the conditional expectation with respect to F;. The o-field F; represents
the information available at time ¢t. We will also make use of the notation Py(.) :=
[E¢[1¢4] for the conditional probability with respect to F;. We will use the notation
n € LY(F) orn € L} (resp. n € L®(F;) or € L§®) to mean that 7 is an integrable
(rep. bounded) random variable which is F; measurable (i.e. known at time ¢). For
example, we denote by I'? € L>(Fry) the emissions of firm ¢ € I(m) of market
m € M over the period ¢ € Q(m) .

2.1. Emission Reductions

In a cap -and-trade system, the allowance price is determined by the cap, namely
the total number of emission certificates issued by the regulator, the penalty ap-
plied to emissions which are not offset by redeemed certificates, the existing abate-
ment strategies, their flexibility and costs. Conceptually, we have to distinguish
the abatement measures according to the time horizon which is required to re-
turn a profit. In this regard, abatement measures range from short-term measures
(no initial investments, savings being returned within days) to long-term measures
(high and irreversible investments, savings are returned over decades). Examples
of long-term measures are optimization/substitution of high polluting production
units, installation of scrubbers, investment in CDM and JI projects. On the con-
trary, typical short term abatement measures yield emission savings by switching
fuels or skipping/re-scheduling the production.

For the purpose of this study, and for the sake of simplicity, we assume that
each firm ¢ € I has access to either a short term abatement measure or a CDM
project. In our model, firms have access to both short and long term reduction
measures. However, optimal CDM strategies are not necessarily indicative of opti-
mal long term abatement strategies, so this assumption may need to be revisited
in subsequent studies.

Short Term Abatement. At each time 0 < ¢ < T — 1, firm ¢ € I decides to reduce
emission throughout the period [t,* + 1) by the amount &!. Since the choice of the
reduction level ¢! is based only on present and past observations, the processes
&' are supposed to be adapted and, since reduction cannot exceed a maximum

reduction level E’, we require that the inequalities
0<& <&, ielt=0,1,--,T—1, (2.1)

hold almost surely. Here, El is a deterministic constant giving the maximum abate-
ment level possible for firm ¢ € I(m). The actual cumulative short term emission
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reduction of firm ¢ during compliance period ¢ € Q(m) when it uses the short term
abatement strategy &' reads

-1

Mg = Y & (2:2)

t=Tm

CDM / Long Term Abatement. At each time 0 < ¢ < T — 1, firm ¢ € I decides
wether to exercise part of its CDM project or not. The amount that is exercised
is given by a real number (}. If ¢ = 1, the whole project is started at time point
t. To avoid integer constraints altogether, we will assume that each CDM project
can also be realized piece by piece. Especially for big CDM projects with several
emission sources this is certainly a realistic assumption. For example, half of the
project can be exercised at one time point and the other half at another point in
time. Since the choice to exercise the project is based only on present and past
observations, the processes ¢’ are also supposed to be adapted and, since a CDM
project cannot be used for credit beyond its original scope, we require that the
inequalities

5
L

0< G <1, iel (2.3)
t

Il
<

hold almost surely. Moreover for notational convenience we assume that CERs
generated by CDM projects are issued right after their starting dates. Again, this
is somehow an unrealistic assumption as it disregards the fact that an investment
in a CDM can turn out to be a net loss if the project is not approved or rewarded
with CERs. Let u! denote the emission reduction that is generated if agent i € I
exercises his whole CDM project. The actual cumulative emission reduction of firm
i during compliance period p € P when it uses reduction strategy ¢’ reads

T,—1
() =" D G (2.4)

t=Tp_1

Note that x* = 0 simply means that firm i does not have access to CDM projects.

2.2. Emission Trading

We denote by 7" € [0,00) the financial penalty applied in market m € M to
each unit of pollutant in compliance period ¢ € Q(m). However we assume that
it is only at the last time point T@(m)\ that the penalty is actually paid. For
the sake of simplicity, we assume that the entire period [T,",,T;"] corresponds
to one simple compliance period. Moreover, for periods ¢ < |Q(m)| banking of
allowances and CERs to the next period is allowed. i.e. allowances that are not
used for compliance, may be used for compliance in all subsequent periods up to
tme ey m))-
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In this economy, operators of installations that emit pollutants will have three
fundamental choices in order to avoid unwanted penalties: 1) reduce emissions by
producing with cleaner technologies, 2) buy allowances, 3) buy CERs.

At time T;",, i.e. at the beginning of the g-th compliance period of the
market m € M, each firm ¢ € I(m) in this market is given an initial endowment of
01 € L™ (Frm ) allowances. Notice that ©%7 depends upon the market m € M
through the participant ¢ in this market. So if it were to hold on to this initial set
of allowances until the end, it would be able to offset up to ©*¢ units of emissions,
and start paying penalty only if its actual cumulative emissions exceeded that
level. This is the cap part of a cap-and-trade scheme. Depending upon their views
on the demands for the various products and their risk appetites, firms may choose
production schedules leading to cumulative emissions in excess of their caps. In
order to offset expected penalties, they subsequently engage in buying allowances
from firms which expect to meet demand with less emissions than their own cap.
This is the trade part of a cap-and-trade schemes.

Allowances are physical in nature, since they are certificates which can be
redeemed at time 7" to offset measured emissions. But, because of trading, these
certificates change hands and they become financial instruments. In EU ETS,
allowances are allocated in March each year, while the 5 year compliance period
of the second phase started in January 2008. Therefore a significant amount of
allowances are traded via forward contracts. Because compliance takes place at
time 1" for q € Q(m) and m € M, and only at these times will we restrict
ourselves to the situation where trading of emission allowances is done via forward
contracts settled at time 7,".

Remark 2.1. Because compliance takes place at time T, for p € P, a simple no-
arbitrage argument implies that the forward and spot prices both for allowances and
CERs, differ only by a discounting factor, such that trading spot or forwards gives
the same expected discounted payoff at time T,. Therefore under the equilibrium
definition that will be introduced in Section 3, considering only forward trading
yields no loss of generality. For notational ease, we restrict ourselves to the case
where all forwards are paid at time T' and not T;". Moreover allowing trading in
forward contracts in our model provides a more flexible setting: it is more general
than considering only spot trading, since it allows for trading even before these
allowances are issued or allocated. This is an important feature when dealing with
several compliance periods. In particular if at T,, all CERs are used for compliance
it is not possible to trade CER spot before new CERs are issued.

2.3. Financial and Physical Positions

We denote by flf’m the price at time t = 0,..., 77" of a (g, m)-allowance forward
contract guaranteeing delivery of one allowance certificate (that can be used for
compliance in market m at T(;") at maturity 7, and payment at 7. Moreover C’f
denotes the price at time ¢t = 0,..., T, of a p-maturity CER forward contract (that
can be used for compliance in all markets) at maturity 7, and payment at T'.
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Financial Positions. For simplicity we assume that agents can take positions only
on their own allowance market, and we denote for m € M and q € Q(m) by
079 the number of (g, m)-allowance forward contracts held by firm i € I(m) at
the beginning of the time interval [t,¢ + 1). Similarly we denote for all p € P by
gb'i’p the number of p-maturity CER forward contracts held by firm ¢ € I at the
beginning of the time interval [t,¢ + 1).

We define a trading strategy (6, ¢%) for firm i € I(m) as a couple of vector
valued adapted stochastic processes 67 = (6°%),cq(m) and ¢*? = (3"?),ep where
04 = (Gz’q)tzo,“. -1 and PhP = (gbi’p)tzo,m ;-1 are scalar adapted processes.
The net cash position at time T resulting from this trading strategy is:

-1 T,-1
A,C ) m m
IR Sl S UL RS ) SR U e )
q€EQ(m) t=T7" pEP t=Tp 1

(2.5)
Physical Positions. We denote by A%’m the price at time 77" of a (g, m)-allowance
which is paid at time T'. Similarly, Cp T, denotes the price at time T}, of a p-maturity
CER forward contract with payment at 7.

For simplicity we assume again that agents can take positions only on their
own forward allowance market, and we denote for each m € M and g € Q(m) by
'yélj and 9;&5 the number of (g, m)-allowances banked and used for compliance by
firm i € I(m) at Tj"* respectively. Similarly we denote for each p € P by gbiT’f and

i’p the number of p-maturity CERs banked and used for compliance by firm ¢ €
at T respectively. Clearly QS P — () if T}, is not a compliance date T7".

We define a banking strategy (7%, ¢%) of firm i € I(m) by adapted processes
= (*y;f)qu(m) and ¢ = (d)lT’f )pep. Similarly we define a compliance strategy
(0, 0%) of firm i € I(m) by adapted processes 0 = (07¢)geq(m) and @' = (¢7)pep-
The random variables ¢/ will have to satisfy a constraint of the upper bound type

P

since because of regulation, a firm can only use a limited amount of CERs toward
its excess emissions.The costs at time T of these strategies read

> s (ohp +kp 2k, - Oy ) (26)
q€Q(m)
for allowance trading, and
>, (¢, + o, = o, ~ 1070, @
peP

for CER trading.

Penalties. We denote by 7" € [0,00) the financial penalty per unit of pollutant
not covered by emission offset, whether in the form of allowance certificates or
CERs in compliance period ¢ € @Q(m). This penalty is only paid at the last time
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point 775,y For compliance periods ¢ < |Q(m)| ending at T, this penalty has
two components: not only does it include the payment of 77" times the numbers of
emission units not covered by redeemed offsets, but it also includes the transfer to
the current period of the number of missing offsets from the next trading period.
For each firm i € I(m) in market m € M, the penalty is paid for each ton of
net cummulative emission ﬁr};n for period ¢ € Q(m). It is computed at time 7"

as the difference between the total amount I'? — IT%9(£%) of pollutants emitted

over the entire period [T,;",,T;"] plus the short position %m _ from the preceding
m

allowance period minus the number ., + 6%, of allowances and CERs submitted
q aq .

for compliance by the firm at time 7;". The net cumulative emission .. is this

difference whenever positive, and 0 otherwise. Hence it fullfills

. . . . N
Gy = (T2 = 19(&) — i — 05, ) (2.8)
and the financial penalty at time 7, is given by W;”ﬁ%;ﬂ for all g € Q(m),i € I(m)
and m € M.

Compliance Restrictions. Both for allowances and for CERs the amount that can
be banked or used for compliance is restricted by their amount available in the
market. Moreover, in the case of CERs, regulatory requirements impose further
restrictions. For allowances, on any given period, the total number of allowances
banked from the preceding periods and those resulting from compliance strategies
should equal to the initial allocation for this period (vintage). Hence for each
market m € M, one should have

S By kg = i, + B ] = > O, (29)
i€l(m) i€I(m)

for each ¢ € @Q(m). For CERs, the amount that can be banked or redeemed for
compliance is also restricted by the number of allowances available in the market.
These are given by the amount banked from the previous period plus the amount
of CERs generated since the last compliance event p — 1 corrected by the number
24P € L>®(Fr,) of CERs that firm i € I decided to withdraw from the market, for
example for voluntary offsets. These are not part of the strategy but an exgenously
given random variable. Later we shall assume that there are no point masses in the
distributions of these quantities. Hence balancing CER banking and compliance
strategies at each date T}, for p € P gives

>l + b — o 1= [P(Q) —E7).. (2.10)
i€l el
2.4. Costs

Despite the fact that we are jointly modeling markets with possibly different cur-
rencies, we purposedly ignore the risks and opportunities associated with fluctua-
tions in foreign exchange rates. For the sake of simplicity, we assume that all the
financial quantities are expressed in one single currency. Moreover as explained
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earlier, we express all cash flows, position values, firm wealth, and good prices in
time T-currency. As a side fringe benefit, this avoids discounting in the compu-
tations. We use for numéraire the price B(T) at time ¢ of a Treasury (i.e. non
defaultable) zero coupon bond maturing at T. We denote by {S’Z}tzo’l,...,T and
{Zi}tzoylw.j the adapted stochastic processes giving the short and long term
abatement costs of firm ¢ € I, and according to the above convention, we find it
convenient to work at each time ¢ with the T-forward price

Sf = S’f/Bt(T) ) Li = Ei/Bt(T)

and we skip the dependence upon T from the notation of the T-forward prices.
For us, a cash flow X; at time ¢ is equivalently valued as a cash flow X;/B;(T) at
maturity 7. So if firm i € I follows the abatement policy (£%,¢?) = (&, ), its
time T-forward costs are given by

T-1

> oIsie+ Lic . (2.11)
t=0
Combining (2.11), (2.5), (2.6) and (2.7) together with (2.5), we obtain the following
expression for the terminal cumulative costs CACAC of firm i:
o Tig| T/ .
CACACH ZCZLi + 26252 +R;A,C)(§i’¢i)
t=0 t=0

q,m I 7 1 7 i
+ %(: )A " (HTJ” +rp = e, By, - T;”)
qgel(m

+ 308, (ot + 68, - o, 100 +=*)

peEP
) . ) ) +
+ Y A (TG — iy — ) (212)
q€Q(m)

Recall that expected emissions and production costs change with time in a sto-
chastic manner. The statistical properties of these processes are given exogenously,
and are assumed to be known at time ¢ = 0 by all firms. Moreover, we always as-
sume that these processes satisfy the constraints (2.1) and (2.3) almost surely.
Agents adjust their production and trading strategies in a non-anticipative man-
ner to their observations of the fluctuations in demand and production costs. In
turn, the production and trading strategies (fi,Ci,Qi,cpi,'yi,qﬁi,éi,gbi) become a
vector valued adapted stochastic processes on the stochastic base of the demand
and production costs.

3. Equilibrium Analysis

We first consider the individual firm optimization problems.
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3.1. The Individual Firm Optimization Problems

Clearly, each firm ¢ € I tries to minimize its expected terminal cost, i.e. the
expectation of C4¢4.C defined above in (2.12). In this subsection, we define
rigorously this optimization problem. Our strategy is to first linearize the objective
function. Since the only non-linearities come from the positive parts in the last
summation accounting for the penalty payments, we use the fact that for any
integrable random variable X on a probability space (Q, F,P), we have

E{X*}= E{s}.
Using this identity, we can replace each expectation
. ) . . +
E{(T%9 ~ I1°(€) — @y — 0 ) }
with the infimum of E{ﬁg} over ﬁé € L%, such that ﬁé > 0 and ﬁé > I —
IT59(€%) — b, — 0%, So, for each given pair of price processes (A, C) and (A, C)

inf
BEF,20,62X

the individual optimization problem of agent ¢ € I is given by

inf E{14.C-A.C4) (3.1)
@i €, (61,p)EHI

where T4CAC5i is defined as:
R Tigr  Ta o .
PAOACH = 3T GL+ Y GSiH RO @)+ Y w By
=0 =0 9€Q(m)
+ D, A (9%1? + Y = Yo, + B | — @iTé,,L)
qeQ(m)
+y Cf (soiTp + ok — ¢~ TIP(0) + 5p>
peEP

and where the feasibility sets §' and H® are defined as follows. First, we denote
by x' the physical strategy (5%, £%, (%, 0%, %+, ¢') which belongs to the following
L space L£$° which we write down as a product of individual L* spaces in order
to emphasize the respective measurability properties of the components of .

|Q(m)] T-1
,C(;C _ {1’1 — (ﬁz7£z’cz,ez7@z7,}/z7¢z) ﬁz791 c H L%?]m} gl,cl (= H L?C,
q=1 t=0
1P| Q)1 o IP-1
pellrss ve 1[I L& o€ Il ng}
p=1 q=1 p=1
and

lQ(m)| Tg" —1 |P| Tp—1

e 11 II & @eHHLg} (3.2)
qg=1 t=0

p=1 t=0

= {(0.5)
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where for t = 0,...,7 and p = 1,...,00, L¥ denotes the space of equivalence
classes of F;-measurable random variables in LP. For notational convenience we
also set:
c2=1]c£,  and  H' =]]H|
i€l il
We already explicitly stated the individual constraints satisfied by some of the
components of x?, for example:

B + @y + 0 +T19(E7) > T for all g € Q(m) (3.3)
LpiTp < k'forallpe P (3.4)
g < Efort=0,....T—1 (3.5)
T—1 .
Yo o< (3.6)
t=0

where by convention we set:
5%5'1 =0, ’75};71 =0, and ¢ZT0m =0.

For the sake of notational convenience, we rewrite them (together with those we did
not explicitly stated) in two different forms. We view ¢ as am® = 1+2(T+|Q(m)|+
| P|)-tuple of bounded random variables (with their own individual measurability
properties which are irrelevant for the purpose of the present discussion), say
x = [2%9];21.... ;m,. There exist m’ bounded random variables x*/ satisfying the
constraints

0< bl < x™, j=1,---,m" (3.7)
According to our assumptions, most of the bounded random variables x»™ are in
fact constants, and the other ones have the same measurability properties as the
corresponding strategies 2%, We write this set of m’ constraints as

0<z' <y, (3.8)

where we think of x? as the mi-tuple ' = [Xm]j:l,...,mi of bounded random
variables. We singled out the constraints (3.7) because they will be at the heart of
some of the compactness arguments providing existence of optima. Together with
the set of remaining constraints, see for example constraints (3.3) and (3.6) above,
as

Fig' > f' 2" >0 (3.9)
for an appropriate linear map F* : £3° — K2 and a vector f? € K with

[Q(m)| |P| T-1

1,2 2,1 3,1 4,1

it e ||L;’im,zle”L%‘;,zle”Lf",zZeL%"_l}.
q=1 p=1 t=0

Hence, the set of feasible strategies for firm ¢ € I(m) can be defined as:

§F={a'eLrla’ >0, Fa'>f} (3.10)

K = {<zﬂ*i>;*-=1
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and as usual, we set
F=][3 and k>=]]K"
i€l il

3.2. Equilibrium Definitions
In equilibrium, strategies must satisfy (2.9) and (2.10) for all m € M,q € Q(m)
and for all p € P. In the following we write these constraints as

Gz =g, (3.11)
for a linear map G : £L°° — K and an element g € ¥ with

[P

zae ] H L zc € HLT} (3.12)

meM qg=1

]C%O = {(ZA,ZC

Using this notation the global feasible strategy set reads
& = {z € L|Gx = g}, (3.13)

and if we define price spaces as

1QUm)| 1P|
K& {AC’AE IT II 24 CEHLT} (3.14)

meM qg=1
and
o |Q(m)| Tq" 1P
HOO::{AC’AG IT II TIz CGHHL,?O} (3.15)
meM g=1 t=0 p=1t=0

in order to emphasize once more the measurability properties of the constraints,
the natural definition of a perfectly competitive equilibrium in the present set-up
reads:

Definition 3.1. The pair of forward price processes (fl*, C’*) € H® and spot prices
processes (A*,C*) € K, form an equilibrium if for each i € I there exists ** € F*

and (6%, *') € H} such that: (i) All forward positions are in zero net supply, i.e.
for allm € M and q € Q(m) it holds that

doopem =0, t=0,...,T;" -1 (3.16)
el
and for allp € P
> g =0, t=0,...,T, - 1. (3.17)
el

(ii) Strategies fullfill equilibrium constraints in the sense that (x*");c; € &. (iii)
Each firm i € I is satisfied by its own strategy in the sense that

E[[A*,C’*,A*,C*,i(x*i’ 0*17 95*2)] < E[[A*,C’*,A*,C* z( 01 ~z)]
for all ' € ' and (0", 3') € H}. (3.18)
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Because trading only plays a marginal role in the construction of equilibriums, we
introduce a somehow more restrictive notion of equilibrium without trading, and
after proving that it is actually equivalent to the more general notion spelled out
above, we use it in the existence proof. For each pair of price processes (A, C) and
for each firm i € I(m) participating in market m € M with individual strategy
2" € X' we define the individual physical utility (without forward trading) as:

T-1 T-1
LACH o) = E[ZQLHZ&zSH > w "By
t=0 t=0 9€Q(m)
am [ pi i i Qg

) AR <9T;“+VT;“ Yo, By, —© )
q€Q(m)
+ 30 (o + 0, — o, -0 +2)].
peEP

Using this notation we define a reduced equilibrium (without forward trading) as
follows.

Definition 3.2. The spot prices (A*,C*) € K}, form a reduced equilibrium of the
market if there exists ©* € § such that: (i) Strategies fullfill equilibrium constraints
x* € &. (i) Each firm i € I is satisfied by its own strategy in the sense that

LATCTi () < LATCT (21 for all 2t € F. (3.19)

The following equivalence result shows that there is no loss of generality in using
this more restrictive notion of equilibrium.

Proposition 3.3. Forward prices (A*,C*) € H>® and spot prices (A*,C*) € K&
with associated strategies x** € F' and (é*’i,gb*’i) € H} for alli € I form an
equilibrium in the sense of Definition 3.1 if and only if the spot prices (A*,C*) €
K& form an equilibrium in the sense of Definition 3.2 with associated strategies
x** € F for alli € I and

A7 = E[AF|F] forallt =0,...,T,",me M,qe Q(m) (3.20)
crr = IE[C’;:U}] forallt=0,...,T?,pc P. (3.21)

Proof. We first show that for each m € M, q € Q(m) the futures allowance price
process A*®™ is a martingale for if not, there exists a time ¢ and a set A4 € F;

1*xq,m

of non-zero probability such that E,[A;7"14] > 144;™ (or resp. <). Then for
each firm ¢ € I the trading strategy given by éi’q’m = ézi’q’m for all s # ¢ and
000 = 7™ 414 (resp O™ = 07°™ — 14) outperforms the strategy 6%,
contradicting the property (3.16) of an equilibrium. Moreover the payoff of the
forward is A*T?;:f” and A;’é;ﬁl = A*T‘é;f” which proves (3.20). The same argument

holds for C* together with property (3.17) of an equilibrium proving (3.21). Since
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both A* and C* are martingales it follows that
LA*,C*,i(xz) E[IA C*,A* . C* Z(.’E 91 ~z)] (322)

for all ' € §, (#",5") € H} and i € I. Therefore (3.18) implies (3.19). Which
proves that (A%, C*) form an equilibrium in the sense of Definition 3.2.
Conversely, if we assume that (A*,C*) € K} form an equilibrium in this sense
with associated strategies z*' € §* for all i € I, and ([1*, C~'*) € H are given by
(3.20) and (3.21), then since (A*, C*) are martingales it follows again that

LA*’C*’i(ggi) _ E[IA*ﬁé*ﬁA*’C*’i(.’ﬂi, éi’ 952)] (323)

for all ' € §, (6%, %") € H} and i € I. In particular this holds for 2** together
with (6%, ¢*') = (0,0) which also satisfy conditions (3.16) and (3.17). Hence we
conclude that (3.19) implies (3.18) proving that (A*,C*) and (A*, C*) form an
equilibrium with associated strategies z** and (§**, 3*') = (0,0) for alli € I. O

3.3. Equilibrium and Global Optimality: Linear Programming Formulation

The space £ of strategies was defined in the previous section. Now we set
K = { e

and we define the space of constraints as

2t e K5° for all i € I}. (3.24)

K = {(z,zA,zB)

z€ Ky; (za,2B) € ICE?} (3.25)

We then define the linear map F': L — K% in a natural way as the matriz of
linear maps

Fl
F .=
FHI

the vector f by f = [f']ic; and the upper bound x by x = [x‘]ics. The space of
feasible strategies can be rewritten as:

NG ={zeL>® >0, Fz > f, Gz = g}. (3.26)

The above notations were introduced in order to reformulate the equilibrium ex-
istence problem as a linear program. The primal problem (P) of a representative
agent (informed central planner) can be stated as:

P = inf (x,¢)¢ (3.27)

z20, Fa>f, Ga=g

if we use the notation

(2,6)e = E [Z(zgngtsz) DS mq%} (3.28)

i€l N t=0 meM iel(m) geQ(m)
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The sum of individual problems (SIP) can be written as

_ ACig, i
R(A,C) = Izo}r}wfwzf Z LAC () (3.29)
iel
for all (4, C) € K, the Lagrange relaxation (LR) of the global constraints Go = g
is given by
LR*= sup R(A,C)= sup inf LAC (21 (3.30)
(A,C)eK, (A,C)ek 0szsX, Fezf ;

and the dual program (D) of the representative agent problem is given by
D* = sup <(f7g)7(wF7wG)>/C' (331)

wFEKZ}?, wr >0, wGeK};, Frwp+G*wg+wy <c

3.4. Existence of Optima and Relation with the Original Equilibrium Model

The main existence result is given in the following proposition.

Proposition 3.4. There exist feasible solutions both for the primal linear program
(P). The duality gap vanishes and the infimum P* is attained for an optimal
feasible solution T.

Proof. We first prove the feasibility claim by inspection.

The linear constraints Fx > f translate for each market m € M and for
the individual firm ¢ € I(m) to inequalities (3.3)-(3.6), while the global equality
constraints Gz = g yield (2.9) and (2.10) almost surely. In order to prove primal
feasibility, we need for each i € I, to find o’ such that x = (2%);c; satisfies x > 0,
Fx > f and Gz = g. Recall that 2/ = (3%, &%, (% 0%, ¢ 4%, ¢'), so that, if we
choose & = 0 (no abatement), (¢ = 0 (no CDM project at all), 6° = 0 (no
physical allowance redeemed for compliance), ¢* = 0 (no physical CER redeemed
for compliance), then setting ,8};”, = I'“9 guarantees that inequalities (3.3)-(3.6)

are satisfied, and finally we construct 7 and ¢ recursively from the equalities
(2.9) and (2.10) to guarantee that the equality constraints are satisfied as well.

The next part of the proof relies on standard arguments from the theory of
convex optimization in infinite dimensional topological vector spaces, so we only
outline the major steps, and for the reader’s convenience, we give precise references
to the classical functional analysis results which we use.

In order to solve the primal problem, we need to minimize the linear function
x < (x,c)o over the set

U={z el >0, Fx > f, Gz = g}.

Extracting almost surely convergent sequences if needed, on easily check that U is
closed in the sense of the norm of £!. Moreover, I is weakly* closed in £>°. Indeed,
since U is a convex and a norm-closed subset of £ it follows from the Hahn-Banach
Theorem that U is the intersection of halfspaces H, . = {y € L'|(y,z) < ¢} with
z € £L* and ¢ € R such that &4 C H. Since £ C £! it holds for each of these
halfspaces H, . that z € £!. Thus we conclude that H, .NL>® = {y € L®|{y,z) <
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c} is closed in (£, 0(L£>, L1)). Since by definition it holds that & C L it follows
that U is given by the intersection of the sets H, .M L. Since any intersection of
closed sets is closed we conclude that U is weakly™ closed in L.

Since U is bounded and weakly™ closed, it follows from the theorem of Banach-
Alaoglu that U is weakly* compact. Moreover since the objective function we try
to minimize is continuous for the weak* topology, the proof is complete since any
continuous function attains its minimum on a compact set.

The final claim, vanishing of the duality gap, follows from standard linear
programming results. See for example [2] Chapter IV or [6] Chapter III. O

The following result highlights the correspondence between equilibrium prices
and the optimization problems (P) and (LR).

Proposition 3.5. Price processes (A, C) form an equilibrium with associated strate-
gies T if and only if (A, C) and T are optimal solutions of (LR) and (P) respectivelly
and the duality gap is zero, i.e. LR* = P*.

Proof. Notice that for x € & (in particular when Gz = g), it holds that
> LAY 2) = (3,0)¢ (3.32)
iel
for all (4,C) € K}, and hence
S LAYNa") = (2%, ¢)e = P* (3.33)
icl

for all (A,C) € K¢, for a primal optimal solution z*. Now let us assume that
(A*,C*) and z* are optimal solutions of (LR) and (P) respectivelly. Then it holds
that

LR*

sup Z inf LA ()
(A,C)eR, je1 ¥ €T

Z i‘anLA*,C*,i(xi) < ZLA*,C*,i(xi*) — p*.
ier ©ES i€l

Since we have LR* = P* by assumption, we conclude that the above inequality is
in fact an equality and we obtain

LASC () < LAY () for all ' € Fyie T (3.34)

proving that (A*, C*)_is_an equilibrium with associated strategies x*. Conversely,
if we suppose that (A, C) is an equilibrium with associated strategies Z then it

follows that
E inf LACi(g) = E [ACi (g 3.35
e U ) i€l ) ( :
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and T € &. The latter implies that the right hand side of (3.35) equals (¢, Z) and
we obtain

LR* = sup  info<e<y, Fa>f Z inf LA (2h)
(A,0)eKE, el U

= sup Z inf LAY (2h)
(A,C)eKY, o1 ©'€3

> Z inf LA,C,z(xz) _ ZLA’O’i(.fi)
ier U iel
= Ty >  inf = P*.
{e.m) 2 | _inf  Kew)
Since weak duality implies equality between above terms, it follows that the op-
timal solution of the Lagrange relaxation problem (LR) is attained at (A, C), the

primal optimal solution being attained at z and LR* = P*. O

It seems difficult to prove that the supremum in the dual problem (D) is
attained in the full generality of this section. We will prove existence of a solution
to the dual problem, and hence existence of equilibrium prices for allowances and
CERs, essentially be inspection later in Subsection 4.4. However as we will see,
this existence proof requires some technical assumptions.

3.5. Complementary Slackness Conditions
For the sake of convenience, we bundle the operators F' and G providing the linear
constraints into a single operator A defined by:

A: L2+ Az = (Fz,Gx) € K.

If we use L, a set with |[L| = >7,.;m; , to label the scalar components x; of
x = (2%);er, then for each € L, Az can be expressed as

Ax = (Z a,k7m> . (336)
kel

leL

The specific forms of the constraints (3.3)-(3.6) and (2.9) and (2.10) give that
ak, # 0 implies that ¢; < sj. Hence each element of z; € L7 is also an element of
L3 and A actually maps £°° into £°°. Moreover if we write the canonical bilinear
form giving the duality between £ and £! with this new notation, then

(x,y)r = ZE[xlyl} for allz € L=,y € L£* (3.37)
leL
for the dual pair (£, £!) and
(z,whc = Z E[z,wy] for all z € K=, w € K (3.38)
keK

for the dual pair (K>, k') if we use K for the indexes of the components of the
elements of > and K.
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Lemma 3.6. The adjoint A* of A is given by
A* K s w e AN (w <Z ar, E wk|ftl]> et (3.39)
kekK kEK

Proof. Because wy, € L} it follows that E[wy|F,] € £, for all k € K hence
(A*(w)); € L}, for all I € L which proves that

A* K e Lt (3.40)
Moreover for all z € £ and w € K! it holds that

(x, A" (w)) 2 ZE lxl (Z ak,lE[wk|Ftl]>] (3.41)

ler keK

= [E|E lz Z xlak,lwk ftl‘|‘|
leL keK
= Z E l(z ak,lxl> wkl
keK leL
= (A(x),w};g,

where we used the property that z;E[wy|Fy,] = Elvjwg|Fy,] for all 2; € LE° and
wy, € L3, . From (3.40) and (3.41) we conclude that A* is the adjoint of A. O

Primal Feasibility

By the very definition of the operators F' and G, the linear constraints Fz > f
translate for each market m € M and for the individual firm ¢ € I(m) to the
inequalities (3.3)-(3.6), while the global equality constraints Gz = g yield (2.9)
and (2.10) almost surely.

Dual Feasibility
The dual feasibility conditions

c—Fo—-G*(A,C)T > 0
w > 0
imply that for each market m € M and agent ¢ € I(m), the following inequalities

hold almost surely:

(m+ I/E[me |Frm] = w%fn) >0, (A?F':” - w;fn) >0 (3.42)
(AL — BIATS" Frp)] 2 0 (3.43)
(CR —B[CE | Fr,)] >0, (CF, —wp +wp') >0 (3.44)
(S —w +wy") 2 0, (Lf = Elwg" +7Cr,|F)] = 0, (3.45)

as well as: _ _
wyph >0, wyh >0 as. for all 4 € I(m) (3.46)
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Complementary Slackness
The complementary slackness condition

(T, c— F*o— G(A,C)T), =0 (3.47)

together with # > 0 and ¢ — F*w — G*(A4,C)T > 0 give the following conditions
for allowance trading

(Bhye, m + VE[AFE ™| Frp] = wpn) = 0 (3.48)
(O, AR —wpp) = 0 (3.49)
(Vg At — B[ATE™ Frp]) = 0. (3.50)

for allm € M, g € Q(m) and i € I(m) as well as the following conditions for CER
trading

(] P p+1 o
{¢r,. Or, — E[C, o [ Fr,]) = 0 (3.51)
(¢, CF, —wg, +wr)) = 0 (3.52)

for all periods p € P and all agents ¢« € I. Moreover (3.47), together with dual
feasibility give for each ¢ € I, the following reduction policy constraints:

(1, 8¢ —E[w;’}\}}} +w)') = Oforallt=1T",. .. T
(G, L —E[rCr,|F) + Elw'|FR]) = O0forallt="T, 1,...,T.
The other complementary slackness condition

(Fz — f,w)x =0 (3.53)

together with the primal feasibility condition Fz — f > 0 and the dual feasibility
constraint w > 0 imply:

(Brgn + Oy + Gy +TT9(€) =T = fm wpip) =0 (3.54)
for all m € M, ¢ € Q(m) and ¢ € I(m), as well as:
(5" — @l i) = 0. (3.55)

for all periods p € P and all agents ¢ € I. Moreover they also give the following
reduction policy constraints:

<wt af _§t>

(wy', 1 — th

Oforallt=0,...,T—1

Il
e
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4. Existence and Analysis of Equilibrium Prices

The goal of this section is to derive formulas for the equilibrium prices of allowance
and CERs which explain the spread separating them. These formulas will come at
the price of technical assumptions which we now formulate. As an added benefit,
these formulas will make it possible to prove the existence results which we could
not prove in the full generality of the abstract setting of last section.

4.1. Technical Assumptions

Notice that, because the complementary slackness conditions hold for all opti-
mal solutions of the primal and dual problems, we choose to restrict ourselves to
solutions which satisfy those conditions. In particular we only consider optimal
strategies T € L where

By = (07 = 1) — Gy — by ) (4.1

for all m € M and g € Q(m). This implies that the penalty does not exceed the
short position and no firm uses more allowances/CERs than needed for compli-
ance. Such a solution can be obtained from any optimal solution * by increas-
ing/decreasing the amount of banked allowances and/or CERs.

Assumption 1. Let for each market m € M the initial allocations fullfill

o> >3 N I as (4.2)

p=1ie€l(m) p=1i€l(m)
forallq=2,...,1Q(m)| while
Z 0" >0 a.s.
i€I(M)

This assumption guaranties that there is a positive amount of allowances re-
maining in each compliance period even tough the short position from one period
can be withdrawn from next periods allocations. This is made precise in the fol-
lowing lemma. For the results in this paper to be true we need Assumption 4.1 so
one could replace Lemma 1 by an other assumption yielding the same result.

Lemma 4.1. For any strategy T that fullfills (4.1) it holds under Assumption 1 that
Z (@ - Bé}g’il + ’7%;'11) >0 (4.3)
i€I(M)
almost surely for allm € M and q € Q(m).
Proof. Due to
hi ~i 7i _ g o i
Z (eTén + 'YT;n + ﬁT{;ril) = Z (6 + 'Yanil) (44)

ieI(m) i€ (m)
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we have
S iy — )
i€I(M)
= Z (Fi’q - Hi’q(g) - éz;l“g" - 953";" - ’_Yi (;n)
i€I(M)
= Z (Fi’q - Hi’q(g) - @iTqm — 0"+ (B%;zl - ’7%;’11))- (4.5)
i€I(M)
Hence
S By =) =Y Y (O TP — Gy, — @)
i€l(M) p=1licI(M)

and consequently

q—1
> (Bip —p) < (TP — @ipm)
iel(M) =1 ic10)
and
Z (@'L’q *ﬁf}gﬁl +’}/Tm Z @l,q Z Z Fl’q 61,(1
iel(M) lEI(M) =55

O

Lemma 4.2. Assuming the conclusion (4.3) of Lemma 4.1, for each market m € M
, i € I(m) and q¢ € Q(m), it holds that

{@y>@g{ﬁgZMM+mﬁgmmg (4.6)

up to zero sets.
Proof.

{Bry >0}

N

&@;—ﬂm+mﬁgm@40{%g2w%}
q, , q,m

c {agm > vy EAYT Frp)

Moreover on

q,m s q,m
{Agm > xom + BlAL,

Frm] }

N
D
m;ﬂs.
3
V
o
—
™
X

N

N
— — — —— =
‘QN
I
o
H/_/
~—
I~
-3
N
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where (4.8) follows from Lemma 4.1 This is a zero set due to primal feasibility
7™ 4+ BlAR | Frm] > wii, (4.10)
which concludes the proof. O

In the sequel let for each agent i € I(m) we let
ARd, =T —T199(E). (4.11)

denote the effective emissions of agent ¢ in period ¢ € Q(m). In the next lemma
we prove that if the amount of CERs used for compliance is not extremal then
allowance price and CER price are equal up to zero sets.

Lemma 4.3. Assuming the conclusion (4.3) of Lemma 4.1, for any optimal strategy
Z € L fullfilling restriction (4.1) it holds that

{ o e,y min(A;gn,ﬁi))} c {A%g? = c;iqm} (4.12)
i€l(m) iel(m)
Proof. First we notice that
{apépqm < min(NT’;fn, ,4')} N {BZTqm = 0} (4.13)
C ({@%;n < A"} N {/3’%5” 0}) (4.14)
o({ehp <) {358 = ) e —o})
€ iy > 0 € (AR = i

where the last inclusion follows from (3.49). Moreover it holds that

{Brp >0} < {8, >ofn{agm = x4 BlALT Frp] |
; 1,
c {atg = uip}

where the last inclusion follows from (3.48) and Lemma 4.2. Also,
{@%“g” < min(AZ, Hi)} (4.15)
C ({@iTqm < min(AiT’;fn,ﬁi)} N {B%;n = 0})
U ({ehy <min(@gh. w0 {Bry > 0})

C (P < min(Ai., #) 0 { AR = wi. | © (AR < Oy )
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Hence we conclude that

iel(m) i€l(m)
9( U {# >0}> ﬂ( U {#hy < min(af,x )})
ieI(m) ieI(m)
< {atg > cpp}n{agy < oy < {agy = of, )
where the second to last inclusion follows from (3.52). O

Assumption 2. For each m € M and q € Q(m) there is an agent i* € I(m)
satisfying

D g ) > g (4.16)
almost surely and the qum_l—conditional distribution of T4 has almost surely no
point mass, or equivalently

}PHF“"I +y T = ZH =0 (4.17)
iel
for all Frm_1-measurable random variables Z and ICI(m)\i*

This assumption is reasonable for the 2008-2012 phase of EU ETS. There it
is well known that the electricity sector could use significantly more CERs than
allowed. Therefore in EU ETS agents in the electricity sector need to convince

other industries to sell allowances and comply with more CERs. Only in that
way the total CER limit for EU ETS .7, ap"Tm =D ic1(m) k' can be reached.

Moreover the electricity sector faces uncontroled emissions (from the primary and
secondary markets) which satisfy the no point mass condition.

Lemma 4.4. Under Assumption 2 it holds that for any strategy T that fullfills (4.1)
we have for allm € M and q € Q(m)

PH > B%;n—()}ﬂ{ > %;L—O}ﬂ{ Y. Prp= ) min(Ap.s )H =0

i€l(m) i€l(m) i€l(m) i€I(m)
(4.18)
and

]P’H > B =o}m{ > A :0}m{ Y. P :0” =0. (4.19)
i€I(m) ; ;
Proof. Notice first that for all m € M and ¢ € Q(m) Assumption 2 implies that
}P’HF’ T YT (T - Z) L = H =0 (4.20)
ieI(m)\i*

for all fTén_l—measurable random variables Z, Z¢ and sets A’ € ]-“Tgn.



CDM and CER Price Formation 25

s

el 1€I(m) i€l(m) i€I(m)

( {r - IT9(E) ~ By o =0}
el(m

{ > O = > (@i,q_ggr;nljtv%;ll)}

i€l(m) i€l(m)

m(' N ){g@z@ = min(&34, i)})

iel(m

cfrae S i - = Y (04 B, + k)
i€l(m)\i* i€I(m)
where we used (4.16) for the last inclusion and A’ = {@%.. = AL%} € Frye for all
. - . Ly 4 .
i € I(m). Since Z°* :=1I"(§) + &' and Z := 3,1, (©h7 — Brm  + ’_Y”f’”’il) are
Frm—1-measurable which together with (4.20) implies (4.18). Similarly it holds
that

{ > ﬁ%qmzt)}m{ > viTqm:O}m{Z soiTqm=0}

i€l(m) i€I(m) i€l(m)
(N {rr-mwue - o - ey ~o})
i€I(m)
o{ 3 = 3 - i) fo () e -of)
i€l(m i€l(m) i€l(m)
C {F”’q - Z It = 3" (04 I(E)) — Brm  +rm ) }
i€l (m)\i* i€l(m)

Since Z =3 1(m) (017 + II1"4(£)) — B%ml + Fim 1) is Fpm_1-measurable (4.19)
a— a— a
follows from (4.17). O

Assumption 3. For all m € M, q € Q(m) and p € P with T;* =T, the Frm_1-
conditional distribution of the sum of ZieI(m) I'v9 gnd dier 24P possesses almost
surely no point mass, or equivalently, for all Fr,_1-measurable random variables

z
]P’H doTyy g = ZH =0. (4.21)

i€l(m) i€l

ﬂ%m=0}ﬂ{ > st =0pn{ 5 = 3 minaiha]

|
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Lemma 4.5. Under Assumption 3 it holds that

S B IR

i€I(m) i€I(m) icl
and hence
{ > 6Tm—0} { > va—O}g{CT =E[C mm} (4.23)
i€I(m) i€I(m)

up to zero sets.

Proof. Notice that

(5 el 5 e ool

iel(m i€l(m icl
c { Z (rl}q —II(E) — éiTqm - @iT;n) = 0}
1€I(m)
m{ > Oip= >0 (00—, + %;11)}
i€l(m) iel(m)
”{ > @ = 3 (i +T7(0) - EP)}
i€l el
- { Z (Fi7q _ H%(J(g) — é%m) — Z (7%”” + Hi,p(g) _ Ei,p) _ 0}
i€l(m) ¢ iel E
{ D =) (@i,q — B +7%qml)}.
i€I(m) i€I(m)

Since moreover the random variables
> <nm(§) +9Tm) and ) ( T+ I g)) (4.24)
i€I(m) iel
are }"Tqm,1—measuraub1e7 the lemma follows from Assumption 3.

O

Corollary 4.6. Assuming the conclusion (4.3) of Lemma 4.1, Assumptions 2 and
3, for any strategy T that fullfills (4.1), it holds that for each m € M and q € Q(m)

{ > Py =0}m{ > iy :0} c {AT;L =E[CTP+1|qum]} (4.25)

i€I(m) i€I(m)

up to zero sets.

Assumption 4. For all p € P it holds that

> —E" >0 (4.26)

icl
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almost surely. Moreover for all Fr, _1-measurable random variables Z

HZ 4’+Zr“1— }]:0. (4.27)

el
for all IcC I(m).

=P models randomness in the number of CERs and offsets produced. As-
sumption 4 says that the random amount of CERs that enters the market is almost
surely greater than the amount of offsets. (resulting for example from projects that
were started before ¢t = 0). It could as well be assumed that the optimal strategy
¢ always produces more CERs than used for offsetting purposes.

Lemma 4.7. Under Assumption 4 it holds that
PH > @ = 0} N { > oy = OH (4.28)
i€I(m) il
and
H oo = > min(Agzifn,ni)} N {Z & = OH =0, (4.29)
i€I(m) i€l(m) iel

and consequently

{ Z 90%“,7 = O}U{ Z gZ)iTp = Z mln(A;?n,mi)} C {CT =E[Cr,,,|Fr, }}
1€I(m) i€I(m) i€I(m)
(4.30)
up to zero sets.
Proof.
{ ¥ e —ofn{Sa, —ofc{Ta,, +mr@-=r =0} us
i€I(m) icl iel

this together with (4.26) implies (4.28). Due to (4.27) it holds that

IP’H Do N (I = 2 + R Ly = ZH = 0. (4.32)

i€l i€I(m)
for all Fr,_1-measurable Z, Z% and A* € Fr,-1. This together with

{ > =D, min(A;’gH,Hi)}m{z%o}

i€l(m) i€l(m) i€l
S, + Q-2 = 5 i) |
i€l i€l(m)

c { D G, AP —EP = Y (T = T(E) 1 iy + K L a0)e})

i€l i€l(m)

}
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implies (4.29) with A" = {g%, = =TI —1"9(¢)} and Fr,_1-measurable Z* =
4(¢), Z = dier ¢iTp_1 + II47(C).

4.2. First Equilibrium Price Formulas

In the sequel we assume that Lemma 4.1, Assumption 2, 3 and 4 are fullfilled.

Proposition 4.8. Let p € P, m € M and q € Q(m) such that T;" = T,. Moreover
let (A,C) be an equilibrium with corresponding strategies x € X then it holds for
that

A%’q:nn = (7'(' + I/]E[Ag-j,} m|fT(;")]1{ﬁTm>0} (433)
+ (ELAS ™ Frp L 0y + EICE AP =) ) Lgrp=o)

with

Brpw =D By, yrp = D V- (4.34)

i€l(m) i€l(m)

The intuitive meaning of this formula is the following. On the event {ﬂTJn >
0} that the economy at large is short of allowances despite the usage of CERs,
then the price of the allowance is given by the penalty 7 plus the cost of the
allowances from the next period which need to be used for compliance, appearing
in the formula as the conditional expectation of the price of the next period.
Alternatively, on the event {BTqm = 0} that the economy is not short of allowances
at time of compliance, then the price of the allowance is either the expected value
of the an allowance the next period on the event {qum > 0} that the allowances
are banked for use in the next period, or the expected value of a CER the next
period on the event {yr; = 0} that the allowances are not banked and we use
CERs for compliance.

Proof. Since we clearly have:
P [{Brm > 0} U ({ﬁm =0}n ({W, > 0} U {7z = 0}))} =1  (4.35)
the rest follows from Lemma 4.2, Corollary 4.6 and condition (3.50). g

Proposition 4.9. Let p € P, m € M and g € Q(m) such that T;" = T,. Moreover
let (A, C) an equilibrium with corresponding strategies x € X then it holds for each
q € Q that

Cé{p = IE[C’gf:rll |]:T ]l{prE{O Kpt} + A 1{<PTp€(0 kp)} (436)
with
Z ga%p and K, = Z min(A*P, k%) for all p € P. (4.37)

i€l(m) i€I(m)
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The intuitive meaning of this formula is the following. As defined k, is the
maximum amount of CERs which can be used at time T}, and o7, is the total
amount of CERs used for compliance at time 7T,. So on the event that ¢r, is in
the open interval (0, «,), allowances and CERs can be used interchangeably for
compliance, so the price C%D of a CER has to be the same as the price of an

allowance Aglpm. On the other end, when 7, is either 0 or x,, only CERs from the
next period can be used and the price C%D becomes the conditional expectation of
the price of a CER of the next period.

Proof. This follows directly from Lemma 4.7 and Lemma 4.3. O

4.3. Equilibrium Abatement Strategies
Proposition 4.10. Fiz a market m € M an associated compliance period ¢ € Q(m)

and time t € {Tq“il, con T — 1}. Let A be an equilibrium allowance price process

and £* the corresponding equilibrium short term abatement policy then it holds that

{Si—af™ <0} < {&' =%}
{Si—atm >0} < {g' =0}

The intuitive meaning of this result is the following. On the event {S} —
AP™ < 0} that fuel switch is cheaper than the cost of an allowance, the production
is maximal, while on the event {S} — A7"™ > 0} that fuel switch is more expensive
than the cost of an allowance, the equilibrium production is 0.

Proof. The complementary slackness conditions read

(€,80 — AP™ 4 w>') = 0forallie I(m) (4.38)
E — & wd) = 0forallie I(m). (4.39)

While dual feasibility implies
Si— AP pw

w

for all i € I(m) (4.40)

;=0
2> 0forall i € I(m). (4.41)
On {8, — A?™ < 0} condition (4.40) implies that w’"* > 0 and hence & = Ez with
condition (4.39). On the other hand on {Si—A?™ > 0} we have Si—A?™ +w>" > 0
due to (4.41) and hence &% = 0 due to (4.38). O

In the next proposition we show how long term projects such as CER projects
are exercised in contrast to short term reductions such as fuel switches. In contrast
to these are only exercised if the spread between reduction cost and CER price
exceeds a price proces B} given by

Bi =E[L., — C.|F] (4.42)

forall t =0,...,T — 1 where 7/ = inf{t; ¢} > 0} and C; = > opep étl{Tp,1§t<T,,}o
In the case that we have only one market and no restriction on CER compliance in
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this market CDM projects can be seen as normal irreversible emission reduction
projects and this result can be applied by setting A = C.

Proposition 4.11. Fiz p € P and let t € {Tp—_1,...,T, — 1} while C is an equilib-
rium CER price process and (* the corresponding equilibrium long term abatement
policy. Then it holds that

{Li-Ct+Bi<0} C {¢'=1}
{Li—CP+B; >0} C {¢' =0}
Proof.
(Gt Li ~ ElrCr, | F] + Bl |F)) = 0forallt <TpqeQuiel

T
<1—ZCZ,wf}’i> 0 forallge @,i el
t=0

Dual feasibility implies
Li — E[rCr,|Fi] + Elwg’|F] Oforalliel,t=0,...,T—1
4,

wy > Oforalliel

v

O

4.4. Existence of Equilibrium Prices

For the sake of convenience, we restate the contents of the two propositions of
Subsection 4.2 in the form of a necessary condition for the expression of equilibrium
prices.

Proposition 4.12. Let ¢’ denote the last compliance period |Q(m)| of market m €
M. And p' = |P| be the last period where CERs can be used for compliance. For
each © € L, we denote by A(x) and C(x) the price processes defined recursively
by (4.33) and (4.36) through the backward induction given by these formulas and

starting at E[A%Il’m\f;my] =0 and E[C§1’/+l|fT,] = 0. Then if (A,C) is an
q’+1 q P P
equilibrium with corresponding strategies x € L then A = A(x) and C = C(x).

We now revisit the existence problem for the dual problem. Recall that we
assume that the conclusion of Lemma 4.1, and Assumptions 2, 3 and 4 hold true.

Proposition 4.13. The dual optimal solution is attained and the duality gap is zero.
Proof. The dual objective function reads

E Z ( — w%’i — Z (mzw%: + E”’C%J))

icl peP
-1

LYY Y (Ml et - S )

meM i€l (m) geQ(m) =T,
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Now let us prove that A and C' as defined in (4.8) and (4.9) together with

w;fn = ALY (4.43)
q q

wii = (Agfp)7m(p) — Pt (4.44)

W= AT eIy )

R (4.46)

give a dual optimal solution by proving that its value equals the primal optimal
solution. Here ¢(p) and m(p) are defined such that T,” = T}, while the stopping
time 7° is given by 7" = inf{t; ¢ > 0} and Cri := 30 p CYilqp,  <ricrp 1) -
Using (4.8), (4.9) and (3.3)-(3.6), the dual objective value can be rewritten as:

E|Y ( —(Cri—LL) = > (Hi(A;(pp>,m<p> - Rt + Ei,pcgip)>

i€l pEP
T —1
£35S > (reagn - etagr — N w4 - s)t)
meM ieI(m) geQ(m) t=T;"

Using the primal feasibility conditions (2.9) and (2.10) as well as Propositions 4.10,
4.11 and the definition of 7¢ this translates to

Tig-t ‘
B (- X -
iel t=0
-3 (PP )+ (o, + B, By~ D)) )
peP
3 S S (UM @ g T, + B )y
meM iel(m) geQ(m)
-1

- 3 garm—sh|,

=T,
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and simple algebraic manipulations lead to

m
TG -1 Tig—1

O EIRAEIED L

i€l t=0
- % (7, (48, — ) + (B, ~ TP (©)CE) + 33, (€4, ~ )
peP

iy ) g i — 11,
O T Y (C Ty Chrp A ) o A1)
mEM i€l (m) ¢€Q(m)
-1
> LA
t=T(;"7'l

Using E[@ZTP(C%) ~ 07 ,,)] =0and E[iépgn (Arpm — Arm )] = 0 we easily get:

Tig—1 Tig—1
Z( > GLi+ Z 55’>
el t=0

+ Z Z Z <(I‘i;q 7@%“ fﬁiT(;n — Hi,q(g))Angf _ B;“Ag*+1 m> 7

meM i€l(m) geQ(m)

and because of Lemma 4.2 this reduces to
Tig—1 Tig—1

NG ZEDIEL)

el

DD ((F’*MMT B (@) (4 AT g;,,LAy,,}m) ,

meM icI(m) geQ(m)

and hence
Tig—1 Tig—1
HNGMEED L)
el t=0

XY S (e, - - me@) x)

mEM i€l (m) ¢eQ(m)

which corresponds to the primal optimal solution. Hence the duality gap is zero
and the dual optimal solution is attained. (I

The next proposition shows that a dual solution can be obtained by com-
pleting the shadow prices A and C defined as the Lagrange multipliers given by
solution of the Lagrange relaxation problem (LR).
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Proposition 4.14. For any optimal solution (A, C) of the Lagrange relaxation prob-
lem (LR), there exist dual multipliers w such that (A, C,w) is an optimal solution

of the dual problem (D). Moreover, the equilibrium allowance and CER prices are
almost surely unique.

Proof. The Lagrange relaxation problem (LR) reads:

TG -1 TG -1
su inf Ll+ igi
(A, C)gKl 0<z<x, Fa>f ZEZI< tz% G Z § )

DD INEDY <(FW — = O —Hm(o)*w)

meMiel(m) geQ(m)

+ Z Z Z 9’,11";71 + ryé";n — ’}/5«;11 —+ ﬁ%éil _ @'L,q)A%;;L

meMiel(m) geQ(m)

+ 303 (¢, + 6, — 0, ~ IO +E7)CE,

i€l peP
This implies that
—+1 ,m +1,m
Cr, 2 E[Cy,,,|Fr,] and Az > [Aqu | Form] (4.47)

almost surely for all p € P, m € M and ¢ € Q(m). Moreover for any optimal
solution (4, C) of (LR) and any optimal solution T of (P) it holds that

D*<LR*= su LA (g
- (A, C)Ie)Kl Cl<w<)(7 Fz>f Z

= inf E LA’C’Z(:L’Z)
0<z<x, Fz>f 4
el

< Z Lz,é,i(fi)
el

< sup LA,C,i<fi)
(A,C)EIC%; icl

= inf sup LA’C’i(a:i) = P*.
O<m<X Fz>f (A, C)E/CG 7,621

Since strong duality holds between (P) and (D) all inequalities are fullfilled with
equality and in particular we conclude that

LZ,@,@‘ 1) — : f Lz,é,i 7 4.4
S AT - SR

el el
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for any primal optimal solution Z. This together with (4.47) implies that
0=E[dr, (Cp, —Cr )] forallpe Picl
0 = B[y (A7m — Afi, ™)) for all g € Q(m), i € I(m),m € M.
Moreover we derive from (4.48) that
GG =Ly = R'(CY - LYY
holds for all t € {T,_1,...,Tp, — 1}, p € P, i € I while
(A" =5 =E A - 5T
holds for all t € {T7"4,...,T;" — 1}, ¢ € Q(m), i € I(m) and m € M. If for each
market m € M Lemma 4.1 is fulfilled then we conclude from (4.48) that
{Brp >0} < (AR = xom BT "\ Frp] |
holds up to zero sets for all ¢ € I(m) and ¢ € Q(m) and m € M. Hence all
requirements for the proof of Proposition 4.13 are fullfilled if moreover w is choosen
as in (4.43)-(4.46). Hence (A4, C,w) is an optimal solution of (D).

We now prove uniqueness 0£ the eq}lilibriNuIr} prices. Let us assume that we
have two different pairs P = (A,C) and P = (A, C) of equilibria with strategies T
and Z. From the first part it follows that there exist @ € KL x £! such that (4, C, w)
is an optimal solution of (D), and since the equilibrium strategy Z is an optimal
solution of P. It follows that & and @ must fullfill the complemtary slackness
conditions. Following the argumentation of the last subsectii)n it follows that P =
(A(2),C(z)) up to zero sets. Due to (ii) it holds also that P = (A(z, C(Z)) up to
zero sets implying that

(A(2),C(7)) = (A(2), C(2)) (4.49)
up to zero sets which concludes the proof. ([

4.5. More Equilibrium Price Formulas

For the sake of simplicity we assume v = 1 from now on. We first revisit the
derivation of formulas for the allowance prices. The following notation will simplify
some expressions.

O = Y [0 = Fpm +Fim ] (4.50)

i€l(m)

T?™ gives the effective amount of allowances present in the market, including the
banked allowances and those withdrawn for use for compliance in the previous
period.

Lemma 4.15.
{vry =0} N {Brm =0} N {E[Cﬁf}:l |Frm] > E[A%Eim|ng“]}
= [ > TP A (B = 0) 0 {EICE [Frp] > BIASE" Frp )
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up to zero sets.

The intuition behind this equality is that on the event {37, = O}Q{E[Cgtll |\ Fry] >
[Aq+1 m|‘7-"T ]} that the market is not short of allowance (i.e. Sr;» = 0) and al-

lowance prices are expected to be cheaper than CERs, emissions exceed the total
number of allowances (i.e. A?™ > T%™) exactly when banking is not needed (i.e.

5T;n = O)
Proof. Lemma 4.4 and primal feasibility imply that
{yrp = 0} {Bry =0}

AL hpron{ ¥ oy = 30— g, oy )

i€I(m) i€I(m) ieI(m)

- { D, M-I > >, O —fpm, ﬂ”ff;"l}
i€(m) i€1(m)

= (AT > yamy,

Moreover it holds that
{AT™ > TN {5Tqm =0}n {E[cgjjl \qum} > E[A%J,C} | Frpe]}

{3 v o e

iel(m) i€l(m)

N {Bry = 0} N {B[CE L | Frp] > B[A " Frp}
C {pry > 0} N {E[CH! | Frpe] > B[ASL ™| Frp}
C {Af = O } N {E[CH! ) |Frp] > EIAG ™| Frp])
C {Af > E[ATH " Frp]}
- {’YTqm =0}

which concludes the proof. O

Proposition 4.16.

Agl;? = [Ag:i_nl ml]‘-Tm] + ﬂ-]‘{ﬁTm >0}
+
( [Cé’j‘:l |-7:T;"] - [Aq+1 ‘me}) l{BT’;nZO}l{Aq,m,>‘rq,m,}

This new form of the price of an allowance states that the spread between the
allowance price and its forward for the next period is equal to the penalty when
the market is short (i.e. 5T;n > 0) or the positive part of the spread between the
forward CER price and the forward allowance price when compliance has to be
met with the use of CERs (i.e. when frm =0 and A?™ > T4™),
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Proof.
149, _ +1,
E[CEH! | F E[AT ™ Fp]) 1 1
+ (B[O, | Frp] = BATw " Frp] ) g =0y Liaemsram)
+1,
+1 +1,
+ (E(ng-u |‘7:T(;") — E[Ag’qrjrlm|ng”]) 1{5T;nzo}1{Aq,m>Tq,m}
1
{E[CL!} | 1Frpn] >IE[A§,§_ T Frge ]}y
Moreover
, _ +1,
A%;} = (7T +E[A%$lm|fT;”]1{ﬁTén>0}

+ (E[A%E;m|fT(}”]1{’YT(}n>O} + E[Cg:;ll |fTJ"]1{’YTgn :0}> 1{5,1,(},1 =0}
1,
= E(A(jl“;almLFT;”)) + Wl{ﬁT’;ﬂ >0}

p+1 g+1,m +
T (E(OTqH‘]:TJn) o E(AT;'J’H ‘fTJ")) 1{77'(;77:0}1{51“5":0}
= E(A%E;m|fT;”)) + Fl{ﬁTgﬂ >0}
+1 +1,
+ (IE[C%Z+1 |\ Frp] — E[A'%&”LVTM) Liyrpn =0y L{Brym =0}
I{E[CPH |-7:T(;n]>]E[Aq+1’m\-7:Tg"]}

T
Tat1 Tat1

where the second last equality holds due to dual feasibility. The proposition follows
from Lemma 4.15. U

We now consider the equilibrium CER prices, and we introduce the notation

AP =300 TP —EP =) g+ > E (4.51)

i€l i€l ieI(m)
denoting the effective amount of CERs in the market.
Lemma 4.17. It holds almost surely that
{AP < kP}N {Aqum > ]E[C’g:ﬂ}}p]}
= {or, € (0.5} N {61, = 0} N {AL™ > E[CL|Fr, ]}
Proof. Due to primal feasibility it holds that
{or, € (0,87)} N {97, = 0} C (AP < w7} (4.52)

up to zero sets.
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{A? < P}y N {AF™ > B[CEH | Fr, ]}
C {1, + pr, < WP} N{AR" > E[CE | Fr, ]}
C ( U {er, < min(Ai’pmi)}) N{A7" > E[C¥:1|}'Tp]}
icI(m)
C {AY™ < OB} N {AL" > EICE |7} (4.53)
C {CL. > E[CE|Fr,1} C {¢r, =0} € {61, = 0} N {¢r, > 0}
up to zero sets where we used (4.15) for (4.53). Hence
{A? < P} N {AZ™ > E[CE | Fr, ]}
C {en, € (0,87} N {or, = 0} N {AF" > E[C} |7z, ]}
holds up to zero sets. O

Proposition 4.18. It holds almost surely that
Ch, = EICRL\Fn ]+ (n +E[A7 T Fr,] — EICE | 1F5,1) " 1pr, >0 Lar<nr)

Tpia Tp+1

+(E[A¥%T1|7Tp] —E[CE P ) 15, —0y Liar<nr

Tpt1

almost surely.

One particular case of the above formula has a clear intuitive interpretation.
It says that the spread between a CER price and its forward is 0 whenever the
total amount of CERs in the market is greater than the maximum amount which
can be used in the market (i.e. AP > kP).

Proof. Let
Ch, = E[CRL\Fr )+ (n + E[A7! T Fr,] — EICE | 1F1,1) " 1pr, >0 Lar<wr)
+HE[AT T NFr,] — EICE L 1P, ])  Lsr, —0 Liar<uny
= E[C}] |17,

+(m + E[A7 7 Fr,] = EICE 1 Fn,1) 151, 501 Liar<ur)

1 Jq+1 +1
{m+ELAT | Fr, |- EICT] ] 17r,]>0)

+E[AT N Fr,] — EICE 1P, 6r, ~0y Lar<iry

1{]};[,4;3,;?1 | Fr, | -E[CEF 1 Fr, >0}

Dual feasibility implies that
{E[AT Fr,] > E[CE | Fr ]} C{AT > E[CR | Fr ]}

Tpt1 Tp+1
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Further Proposition 4.8 implies that

{Br, = 0} N{AT;! > E[CE | |Fr, ]} C {6z, = 0} N {E[AT|Fr,] > E[CE] | Fz,]}

Because moreover Al =7 + E[Am q“\]—} ] on {87, > 0} this translates to
q

Ch = EICH | Fr,) + (AR —EICH | F1, )15, 501 Liar<ur) (4.54)

p

1 m,
(AT >EICH 1 7r,)}

+(A$y’7? [Cg’J:_ll |fT ])I{BT _0}1{AP<RP}1{A >E[C§~+i1‘f7‘p]}

, 1
E[CH!L |Fr,] + (A% — E[CBH, |7, Dl iar ey g osonet | Ad5)

T"” Tpi1

almost surely. Proposition 4.9 implies that
1 ,m
Cf, = ElC} 1P, or, comryy + AT Lpr, e00m))-

Due to dual feasibility it holds that A%q > }E[C:’;++11|.7:Tp] on {¢r, € (0,kP)}.
Hence

Cé)"p - [Cg—’_:l'pr] + (Aqfm - [C;—TJ}-T D 1{¢Tp€(0 KP)}
- [Ci‘ﬁ+f1|pr] + (Aq mo_ ]E[C?+f1 P11 or, €001 L an TSECR P )
= E[CH|Fn] + (A% — EICE |1 Fr, )1 pr comm)} Lion, —op L (g ElC5 7, )
= [C¥++11 \Fr,] + (Aq mo_ E[C$+:1 | Fr, ])1{Ap<ﬁp}1{Aq RSO3 |7, 1) (4.56)

holds almost surely where the last equality holds due to Lemma 4.17. Consequently
(4.55) and (4.56) imply that C7. = C7. almost surely. O

5. Appendix I: Index of Acronyms

CDM Clean Development Mechanism

JI Joint Implementation

CER Certified Emission Reduction

ERU Emission Reduction Unit

EU ETS FEuropean Union Emission Trading Scheme
RGGI Regional Greenhouse Gas Initiative
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6. Appendix II: Table of Notation

Set of emission markets

Set of all the firms in the economy

Typical emission market

Set of firms involved in emission market m

Set of compliance periods in emission market m

Number of compliance periods in emission market m

g-th compliance period in emission market m

Horizon of the model

Maximum number of CERs firm i is allowed to use

Emissions of firm i € I(m) during compliance period ¢ € Q(m)

Financial penalty for over-emission during compliance period ¢ € Q(m) in market m € M
Short term abatement by firm ¢ € I for time period [¢,t + 1]

deterministic constant giving the maximum abatement level possible for firm i € I(m)
Short term abatement by firm i € I over compliance period q € Q(m) for strategy &'
Proportion of CDM project, or long term abatement by firm ¢ € I for time period [t,t + 1]
Long term abatement by firm i € I over compliance period g € Q(m) for strategy &
T-forward cost of unit short term abatement by firm ¢ € I for time period [t,t + 1]
T-forward cost of long term abatement by firm ¢ € I for time period [¢,t + 1]

Terminal cumulative costs of firm ¢

Initial allowance endowment of firm i € I(m) at time 77",

Number of CERs that agent ¢ € I voluntarily withdraws from the market at time T,
price at time t of a (g, m)-allowance forward contract with maturity "

price at time ¢ of a p-maturity CER forward contract with maturity 7,

number of (¢, m) allowances held by firm i € I(m) at time ¢

number of p-maturity CERs held by firm ¢ € I(m) at time ¢

P&L from financial trading in allowances and CERs

number of (physical) (¢, m)-allowances banked by firm i € I(m) at time T,"

number of (physical) (¢, m)-allowances used for compliance by firm i € I(m) at time T,"
number of (physical) p-maturity CERs banked by firm i € I(m) at time T,

number of (physical) p-maturity CERs used for compliance by firm i € I(m) at time 7"
Net cumulative emissions at time 77" of firm i € I(m)

P&L of firm i € I(m)

Admissible physical strategies for firm i € I(m)
Admissible financial strategies for firm i € I(m)
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FIGURE 1. Prices of the December 2012 EUA futures contract
(EU-ETS second phase), together with the price of the corre-

sponding CER futures contract.



