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ABSTRACT. Motivated by the desire to integrate repeated calibration procedures into a single dynamic
market model, we introduce the notion of tangent market model in an abstract set up, and we show
that this new mathematical paradigm accommodates all the recent attempts to study consistency and
absence of arbitrage in market models. For the sake of illustration, we concentrate on equity models
and we assume that market quotes provide the prices of European call options for a specific set of
strikes and maturities. While reviewing our recent results on dynamic local volatility and tangent L’evy
models, we provide new results on the short time-to-maturity asymptotics which shed new light on the
dichotomy between these two disjoint classes of models, with and without jumps, helping choose in
practice, which class of models is most appropriate to the market characteristics at hand.

1. INTRODUCTION

As a matter of motivation, we first start with a short discussion of the standard example of short
interest rate used routinely as a justification for the introduction of the HJM approach to fixed income
models. If we consider Vasicek’s model for example

drt = κ(r − rt)dt+ σdWt,

because of the linear and Gaussian nature of the process, it is possible to derive explicit formulas for
many derivatives and in particular for the forward and yield curves. However, the term structure given
by these formulas is too rigid, and on most days, one cannot find reasonable values of the 3 parameters
κ, r and σ giving a theoretical forward curve matching, in a satisfactory manner, the observed forward
curve τ ↪→ f(τ). This is a serious shortcoming as, whether it is for hedging and risk management
purposes, or for valuing non-vanilla instruments, using a model consistent with the market quotes is
imperative. Clever people found a fix to this hindrance: replace the constant parameter r by by a
deterministic function of time t ↪→ r(t). Indeed, this function being deterministic, the interest rate
process remains a Gaussian process (at least as long as we do not change the initial condition) and we
can still obtain explicit formulas for the forward curves given by the model. Moreover, it turns out
that if we choose the time dependent parameter to be given by

r(τ) = f ′(τ) + κf(τ)− σ2

2κ
(1− e−κτ )(3e−κτ − 1))
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then the model provides a perfect match to the curve observed on the market! match, Our contention
is that even though it provides a stochastic differential equation (SDE for short)

(1) drt = κ(r(t)− rt)dt+ σdWt,

this procedure can mislead the casual newcomer who may be fooled into believing that this SDE
actually relates to the dynamics of the short interest rate. Indeed, this is not a model in the sense
that when the next day comes along, one has to restart the whole calibration procedure from scratch.
Formula (1) does not provides a dynamic model, it is a mere artifact designed to capture the prices
observed on the market.

One of the nagging challenges of quant groups supporting equity trading is to be able to generate
Monte Carlo scenarios of implied volatility surfaces which are consistent with historical observations
while being arbitrage free at the same time. Section ?? presents a solution based on a set of simple
examples introduced in [2].

In a recent technical report [?], Kallsen and Krühner study a form of Heath-Jarrow-Morton ap-
proach to dynamic stock option price modeling. While similar in spirit to the tangent Lévy model
approach of [?], it does not seem to lead to constructive models like the one proposed in Section ??.

2. TANGENT MODELS AND CALIBRATION

Market Models for Equity Derivatives: problem formulation. We now describe the framework of
the paper more precisely. First of all, as it is done in a typical set-up for a mathematical model, we as-
sume that we are given a stochastic basis (Ω,F , (Ft)t≥0,Q) and that pricing is linear in the sense that
the time t prices of all contingent claims are given as (conditional) expectations of discounted payoffs
under the pricing measure Q, with respect to the market filtration Ft. We assume, for simplicity, that
the discounting rate is one, and unless otherwise specified, all stochastic processes are defined on the
above stochastic basis and E ≡ EQ. We denote by (St)t≥0 the true risk-neutral (stochastic) dynamics
of the price of the index or security underlying the derivatives in a specified set of liquidly traded
instruments: in the present case, European call options for all strikes K and maturities T . So at each
time t ≥ 0, we denote by

(2) Dt = {Ct(T,K)}T>t,K>0

the set of all these prices. Our goal is to describe explicitly a large class of time-consistent market
models, i.e. stochastic models (say, SDE’s) giving the joint arbitrage-free time evolution of S and
D. In other words, one would like to be able to start the model from ”almost” any initial condition,
typically the set of currently observed market prices, and prescribe ”almost” any dynamics for the
model provided it doesn’t contradict the no-arbitrage property. Of course, the above formulation of
the problem is rather idealistic. This explains our use of the word ”almost” whose specific meaning
is different for each classes of the market models we describe here.

The need for financial models consistent with the observed option prices comes mostly from the
fact that call options have become liquid and provide reliable price signals to market participants.
Stochastic volatility models (e.g. Hull-White, Heston, etc.) are very popular tools to capture this
signal, but unfortunately, they do not reproduce market prices for all the strikes and maturities: their
fit of the implied volatility surface is not always satisfactory.
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The preferred solution for over 15 years has been based on the so-called local volatility models
introduced by Bruno Dupire in 1994. It essentially says that, assuming for simplicity zero interest
rates, if the true model for the risk neutral dynamics of the underlying is given by an equation of the
form dSt = σtdWt. then the stochastic process S̃ solving the equation

S̃t = S0 +
∫ t

0
S̃uã(u, S̃u)dWu,

with

(3) ã2(T,K) :=
2 ∂
∂T C(T,K)

K2 ∂2

∂K2C(T,K)
,

produces at time t = 0, the same exact call pricesC(T,K)! In other words, for all T > 0 andK > 0,
we have:

E(S̃T −K)+ = C(T,K)
Notice that, here and in the following, we assume that the interest rate is 0. This hypothesis plays
little or no role in our considerations, and it simplifies the formulas and the exposition.

In the terminology which we develop below, the artificial financial model given by the process
(S̃t)t≥0, introduced for the sole purpose of reproducing the prices of options at time zero (in other
words, the result of calibration at time zero), is said to be tangent to the true model (St)t≥0 at t = 0.

Tangent Models. One of the major problems with the calibration approach presented above is the
frequency of the recalibration. For example, stochastic volatility models have different ”optimal”
parameters most every day, and the local volatility surface calibrated on a daily basis changes as well.
So we focus on the temporary processes used to capture the price signals given by the market through
the quotes of the liquidly traded vanilla options.

In what follows, we use the generic notation Dt for the chosen set of liquidly traded securities /
derivatives written on the underlying S, and we add the subscript t to emphasize the time when these
derivatives are quoted (the set may change as, for example, some options expire). We use the notation
h for a typical payoff function of a derivative in Dt (h may depend upon the whole path of S) and
Pt(h) for the price at time t ≥ 0 of the derivative with payoff h(S):

Pt(h) := E (h(S)| Ft)

We restate the result of the static exact calibration demonstrated above in the following way: a
stochastic model given by (S̃u)u≥0 defined on a stochastic basis (Ω̃, F̃ , P̃) is Dt-tangent to the true
model (or just tangent when no ambiguity is possible) at time t if, almost surely, we have

(4) ∀h ∈ Dt Pt(h) = EP̃ (h(S̄t)
)
, where S̄tu = 1u<tSu + 1u≥tS̃u.

Notice that S̄t is introduced only because we allow payoff h to depend upon the entire path of the
underlying, however, in all particular constructions we will deal with the payoffs that only depend on
ST , for some maturity T , and in that case S̄t can be replaced by S̃T in the above definition.

We want to think of the above notion of tangent model as an analog of the notion of tangent
vector in classical differential geometry: the two models are tangent in the sense that, locally, at a
fixed moment of time, they produce the same prices of derivatives in a chosen family. Recall that
tangent vectors in differential geometry are often used as a more convenient way of describing the
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time dynamics. In the same way, one may hope that tangent models introduced above can help in
solving the problem of market models formulated in the previous subsection.

Assume that we can find and parameterize explicitly a class of ”simple” martingale models for the
underlying, say

M = {M(θ)}θ∈Θ ,

such that, P θ(h), the time 0 price of a claim with payoff function h in the modelM(θ), is fairly easy
to compute. If, in addition, for each t, the relation

(5) θ 7→
{
P θ(h)

}
h∈Dt

,

is invertible, we obtain a one-to-one correspondence between a set of admissible prices of Dt (each{
P θ(h)

}
h∈Dt

is admissible by construction) and a (hopefully simple) space Θ:

(6)
{
P θ(h)

}
h∈Dt

7→ θ.

We call the set Θ a code book and the above bijective correspondence a code-book relation, which
allows us to think of the derivative prices from Dt in terms of a corresponding parameter θ ∈ Θ. In
view of the above definitions, if at time t there exists a value in the code-book θt which reproduces
the market prices, then the modelM(θt) is tangent to the true model at time t.

Assuming that the set Θ is simple enough (an open subset of a linear space), we can now construct
market models by putting in motion the value of the corresponding code-book θt, and compute the
resulting derivatives prices at any future time t via (5). For the theoretical construction of market
models that follows, we will have to assume that the initial (currently observed) set of derivatives
prices can be represented by a model from a chosen class M, and hence obtain θ0. However, in order
to justify this assumption we need to choose the above family of simple models so that it is large
enough and can in practice be calibrated to match at least approximately any feasible set of market
prices.

It is worth mentioning that code-books, as general transforms for more convenient representation
of derivatives prices, have been used by practitioners for a very long time: the examples include
yield curve in the Treasury bond market, implied term structure of default probabilities for CDO
tranches and implied volatility for the European options. However, here we require a specific form
of construction for the code-book: this is dictated by our goal to model the prices of all derivatives
simultaneously. As a result, the popular implied volatility surface is not a suitable code-book in the
present setup.

We now define two important classes of tangent models and we review their main properties in the
following two sections.

Examples of Sets of Derivatives. Coming back to models for equity trading, the following list is a
sample of examples which can be found in papers we know, of and for which the above formalism
applies:

• Dt = {S,Ct(T,K); T > t} for some fixed K > 0 (case considered by Schoenbucher in
[11])
• Dt = {S,Ct(T,K); T > t} for some fixed convex payoff function (case considered by Jacod

and Protter in [7] and Schweizer and Wissel in [12])
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• Dt = {S,Ct(T,K); K > 0} for some fixed T > t (case considered by Schweizer and
Wissel in [13])
• Dt = {S,Ct(Ti,Kj); i = 1, · · · ,m, j = 1, · · · , n} (case considered by Schweizer and

Wissel in [?])
• Dt = {S,Ct(T,K); T > t, K > 0} (case considered by Cont and Durrleman in [?] and

Carmona and Nadtchiy in [?]).

For the rest of this paper we concentrate on the market given by the last example:

Dt = {S,Ct(T,K); T > t, K > 0}.

Notice that even though the set Dt is finite in practice, it is often assumed to be infinite (even of
continuum power) in the financial mathematic and engineering literature.

Notice that due to the definition of a tangent model, we can identify such model with the law of
the underlying process it produces, as opposed to the general case when a financial model is defined
by the pair: ”underlying process” and ”market filtration”. In the same way, by modelM(θ) we will
understand a corresponding distribution of the underlying.

Tangent Diffusion Models. We say that a tangent model is a tangent diffusion model if it is given by
a possibly inhomogeneous diffusion process. In other words, a model is a tangent diffusion model if
it is tangent (in the sense of (4)) and consists of an underlying process S̃, which is a diffusion given
by

S̃t = s+
∫ t

0
S̃uã(u, S̃u)dBu,

with some initial condition s, local volatility function ã(., .) and a Brownian motion B.
The law of S̃ is then uniquely determined by (s, ã(., .)), where the surface ã has to satisfy some

regularity assumptions (see [?] and [?]). Clearly, the time 0 values of the underlying and the call price
surface in any such model are given by s and

Cs,ã(T, x) = E
(
S̃T − ex

)+
(7)

if we use the notation K = ex for the strike. From Dupire’s formula (3), we can conclude that
the above mapping from (s, ã) to the couple (”value of the underlying”, ”prices of call options”) is
invertible, thus, producing a code-book.

If at a given moment of time t there exists a value of the code-book (s, ã), which reproduces the
true market prices of all the call options and the underlying, then the model given by (s, ã) is a tangent
diffusion model at time t. In that case s has to coincide with the current value of the underlying and
ã is calibrated (fitted) to match the observed call prices.

Tangent Lévy Models. We say that a tangent model is a tangent Lévy model if is given by a possibly
time-inhomogeneous Lévy (additive) process. To be more specific, a given model is a tangent Lévy
model if it is tangent (in the sense of (4)) and consists of an underlying process S̃, which is a pure
jump martingale given by

(8) S̃t = s+
∫ t

0

∫
R
S̃u−(ex − 1) [N(dx, du)− η(dx, du)] ,
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where N(dx, du) is a Poisson random measure associated with the jumps of log(S̃), having an abso-
lutely continuous deterministic compensator

η(dx, du) = κ̃(u, x)dxdu.

The law of S̃ is then uniquely determined by (s, κ̃). Clearly, the time 0 values of the underlying
and the call price surface in any such model are given by s and

Cs,κ̃(T, x) = E
(
S̃T − ex

)+
(9)

respectively. From the analytic representation of (9), provided in Section 4 (and discussed in more
detail in [2]), it is not hard to see that the above mapping from (s, κ̃) to (”value of the underlying”,
”prices of the call options”) is invertible, thus, producing a code-book.

As before, if at a given moment of time t there exists a value of the code-book (s, κ̃), which
reproduces the true market prices of call options and the underlying, then the model given by (s, κ̃)
is a tangent Lévy model at time t.

2.1. Time-consistency of Calibration. It is important to remember that our standing assumption is
that the prices of all contingent claims are given by conditional expectations in the true (unknown)
model. Therefore, prescribing the dynamics of the code-book θt we have to make sure that the prices
of derivatives produced by θt at each future time t are indeed ”the prices”: they have to coincide with
corresponding conditional expectations. In other words, the resulting modelM(θt) has to be tangent
to the true model at each time t. This condition reflects the internal time-consistency of the dynamic
calibration, and therefore, we further refer to it as the consistency of code-book dynamics (or simply
”consistency”). If the dynamics of θt are consistent with a true model andM(θt) is tangent to this
true model at each time t, then we say that the true model and (θt) form a dynamic tangent model.

3. DYNAMIC TANGENT DIFFUSION MODELS

In this approach, at each time t, the prices of all the call options are captured through the local
volatility ãt(., .) defined with what is known as Dupire’s formula, which we recalled earlier in the
static case t = 0:

(10) ã2
t (T,K) :=

2 ∂
∂T Ct(T,K)

K2 ∂2

∂K2Ct(T,K)
.

As discussed above, this formula provides the code-book mapping from surfaces of call prices to
local volatility functions. We switch to the new variables τ for the time-to-maturity and x for the
log-moneyness, writing

(11) ht(τ, x) := log ã2
t (τ, se

x)

for its logarithm. Using these notations, the analytic representation of the call prices produced by the
static code-book (s, ã)

(12) cs,ã(τ, x) =
1
s
Cs,ãt (t+ τ, log s+ x)
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takes the form of the Partial Differential Equation (PDE) for the normalized call prices

(13)
{
∂τ c

s,ã(τ, x) = eh(τ,x)Dxc
s,ã(τ, x), τ > 0, x ∈ R

cs,ã(0, x) = (1− ex)+.

where we use the notation Dx for the differential operator Dx = 1
2(∂2

x2 − ∂x). Starting from a local
volatility function a (or equivalently its logarithm h) and ending with the solution of this PDE defines
an operator F : h 7→ c which plays a crucial role in the analysis of tangent diffusion models.

Once specific function spaces are chosen, formula (10) and the operator F provide a one-to-one
correspondence between call option price surfaces and local volatility surfaces. This defines a code-
book for the call prices . See for example [?] for more details.

Formal Definition of Dynamic Tangent Diffusion Models. As explained earlier, we assume that
a pricing measure has been chosen (it does not have to be unique), and that under the probability
structure it defines, the risk-neutral drift of the underlying index is zero as we ignore interest rate and
dividend payments for the sake of simplicity.

We don’t want to assume any specific model for the true underlying S, however, in order to describe
market models explicitly we need to make some mild assumptions on S. When the filtration is
Brownian, a natural specification is that the true underlying is a martingale of the form:

dSt = StσtdWt,

for some adapted spot volatility process (σt).
Now we need to specify dynamics of the code-book (st, ãt). Notice that if we want these dynamics

to be consistent (see the discussion in Subsection 2.1), we have to have st = St. Thus we define the
code-book dynamics (time evolution) by st = St, dSt = StσtdB

1
t ,

ãt(τ,K) = exp
(

1
2ht(τ, logK/st)

)
, dht = αtdt+

∑m
n=1 β

n
t dB

n
t ,

where B =
(
B1, . . . , Bm

)
is an m-dimensional Brownian motion (m could be ∞), the stochastic

processes α and {βn}mn=1 take values in spaces of functions of τ and x, and σ is a scalar random
process (see [?] and [?] for more details).

This type of model was first proposed by Derman and Kani in [6] and studied mathematically by
Carmona and Nadtochiy in [?] and [?].

The main question we address is the following: ”When is such a model consistent (i.e. a dynamic
tangent model)?

Consistency of Dynamic Tangent Diffusion Models. The above question turns out to be equivalent
to obtaining a necessary and sufficient conditions for all call prices produced by the code-book to be
martingales.

Also, we would like to know, among all the parameters σ, α, and β, which ones are constrained by
the consistency and no-arbitrage conditions, and which ones can be chosen freely? The latter question
is still open.

Starting from Itô’s dynamics for h (or equivalently ã), an infinite dimensional version of Itô’s
formula shows that call prices are semi-martingales, and being able to compute their drifts should lead
to no-arbitrage conditions merely stating that the call prices are martingales. Clearly, this reasoning
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depends upon proving that the mapping provided by the operator F is twice Fréchet differentiable.
This strategy for the analysis of no-arbitrage was used in [1], whose main result we state below after
we agree to denote by p(h) the fundamental solution of the forward PDE

∂τw(τ, x) = eh(τ,x)Dxw(τ, x)

and by q(h) the fundamental solution of the dual (backward) PDE

∂τw(τ, x) = −eh(τ,x)Dxw(τ, x)

It is proven in [1] that once the proper function spaces are chosen, the operator F is twice continu-
ously Frechét-differentiable, and that for any h, h′, h′′ ∈ B, we have

F′(h)[h′] =
1
2
K[p(h), h′eh, q(h)],

and

F′′(h)[h′, h′′] =
1
2

(
K
[
I
[
p(h), h′′eh, p(h)

]
, h′eh, q(h)

]
+K

[
p(h), h′eh, J

[
q(h), h′′eh, q(h)

]])
where the operators I , J , and K are defined by

• I[Γ2, f,Γ1](τ2, x2; τ1, x1)

:=
∫ τ2

τ1

∫
R

Γ2(τ2, x2;u, y)f(u, y)DyΓ1(u, y; τ1, x1)dydu,

• J [Γ2, f,Γ1](τ2, x2; τ1, x1)

:=
∫ τ2

τ1

∫
R
DyΓ2(τ2, x2;u, y)f(u, y)Γ1(u, y; τ1, x1)dydu,

• K[Γ2, f,Γ1](τ2, x2; τ1, x1)

:=
∫ τ2

τ1

∫
R

Γ2(τ2, x2;u, y)eyf(u, y)Γ1(u, y; τ1, x1)dydu.

Finally, as it is shown in [?], if we use the notations h̃t(T, x) = ht(T − t, x − logSt), and L(h) :=
log q(h), and provided that the processes σ, α and β are chosen in appropriate spaces, then we have
a dynamic tangent diffusion model if and only if the following two conditions are satisfied:

(1) Drift restriction:

(14) α̃t = σtβ̃
1
t

(
∂xL(h̃t)− L′(h̃t)[∂xh̃t]

)
− 1

2

∞∑
n=1

β̃nt
2 −

∞∑
n=1

β̃nt L
′(h̃t)[β̃nt ]

(2) Spot volatility specification:

(15) h̃t(t, St) = 2 log σt.
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From the form of the above drift condition (14) and the spot volatility specification condition (15),
it looks like β is a free parameter whose choice completely determines both α and σ. However, the
function L(h) has a singularity at τ = 0 and some work is needed to identify a set of workable suf-
ficient conditions on β which guarantee that the drift condition (14) actually produces an admissible
αt. This problem is still open.

Short Time-to-maturity Behavior ofL. From classical results of S.Molchanov, S.Varadhan, I.Chavel
and others, it follows that:

(16) L(h)(τ, x) = −1
2

log τ −

(∫ x
0 e
− 1

2
h(0,y)dy

)2

2τ
+ L̂(h)(τ, x),

where L̂(h)(., .) is a smooth function which satisfies a well posed initial-value problem (without
singularities).

FIGURE 1. Local Volatility in Heston (left) and Hull-White (right) models.

One of the important questions which we address in this paper is ”Given a set of call option prices,
when can we use the local volatility as a (static) code book?” A classical result of Gyongyi [?]
says that it is possible if the underlying index St is an Itô process satisfying some mild regularity
conditions.

4. DYNAMIC TANGENT LÉVY MODELS

Our work [2] on tangent Lévy models was a natural attempt to relax the assumption that St is an
Itô’s process, and introduce jumps in its dynamics, the relevant question being: ” What is the right
substitute for the local volatility code?”

Using processes with jumps in financial modeling goes back to the 1976 Merton’s pioneering work
[?], and fitting option prices with Lévy-based models has also a long history. At the risk of missing
important contributions, we mention for example the series of works by Carr, Geman, Madan, Yor,
and Seneta between 1990 and 2005 [9, 5, 3] on models with jumps of infinite activity, such as the
Variance Gamma (VG) and CGMY models, and the easy to use double exponential model of Kou
[8]. Still in the static case at time t = 0, P.Carr, H.Geman, D.Madan and M.Yor noticed in their
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2004 paper [4] that Dupire’s local volatility can be interpreted as an St dependent time change and
proposed to use a Markovian time change of a Lévy process to introduce what they called Local Lévy
models. However, following this approach to define tangent Lévy models would lead to the same
level of complexity in the formulation of the consistency conditions as in the case of tangent diffusion
models. For this reason, we chose to define the tangent Lévy models in a different way - see the
definition in Subsection 2.

Recall (9) - the expression for call prices in pure jump exponential additive models. This formula,
together with the specification of ”s” as the current value of the underlying, establishes the code-
book relation, and, as it was stated above, in order to construct a dynamic tangent model we need to
prescribe dynamics of the code-book (s, κ̃) and make sure they are consistent. However, in order to
study consistency of the code-book dynamics, we need to have a convenient analytic representation
of the code-book mapping. Therefore, we make use of the following PIDE representation of the call
prices produced by κ̃ and s via (9)

(17)


∂TC

s,κ̃(T, x) =
∫

R ψ(κ̃(T, · );x− y)DyC
s,κ̃(T, y)dy

Cs,κ̃(T, x)
∣∣
T=0

= (s− ex)+,

where we recall the notation Cs,κ̃(T, x) for the price of call option with maturity T and strike ex

produced by (s, κ̃) via (9). We also introduce Dx := ∂2
x2 − ∂x and the double exponential tail

function ψ, defined by

(18) ψ(f, x) =


∫ x
−∞(ex − ez)f(z)dz x < 0∫∞
x (ez − ex)f(z)dz x > 0.

Clearly, the presence of convolutions and constant coefficient differential operators in (17) are scream-
ing for the use of Fourier transform.

4.1. Fourier Transform. Unfortunately, the setup is not Fourier transform friendly as the initial
condition in (17) is not an integrable function! In order to overcome this difficulty, we work with
derivatives. Before taking Fourier transform (we use a ”hat” for functions in Fourier space), we
differentiate both sides of the PIDE in (17) introducing the notation ∆s,κ̃(T, x) = −∂xCs,κ̃(T, x).
Thus, we obtain

(19)


∂T ∆̂s,κ̃(T, ξ) = −

(
4π2ξ2 + 2πiξ

)
ψ̂(κ̃(T, · ), ξ)∆̂s,κ̃(T, ξ)

∆̂s,κ̃(T, ξ)
∣∣∣
T=0

= exp{log s(1−2πiξ)}
1−2πiξ

The above equation, in particular, gives us a mapping: Cs,κ̃ → ∆̂s,κ̃ → ψ̂ → κ̃.
One sees that in order to go from κ̃ and s to call prices we only need to solve the simple evolution

equation in Fourier domain (19), and obtain ∆̂s,κ̃ in closed form. We can recover ∆s,κ̃(T, x) =
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−∂xCs,κ̃(T, x) by inverting the Fourier transform, and a plain integration gives

Cs,κ̃(T, x) = s lim
λ→+∞

∫
R

e2πiξλ − e2πiξ(x−log s)

2πiξ(1− 2πiξ)
·

exp
(
−2π(2πξ2 + iξ)

∫ T

t∧T
ψ̂(κ̃(u, · ), ξ)du

)
dξ

providing the mapping: κ̃→ ψ̂ → Cs,κ̃.

Formal Definition of Dynamic Tangent Lévy Models and Consistency Results. As in the case of
the tangent diffusion models we need to put the static code-book (s, κ̃) in motion, and construct a
pair of stochastic processes (st, κ̃t)t∈[0,T̄ ] under the pricing measure. Clearly, we would like these
processes to be consistent with the true model. As before, we would like to keep the true model
for the underlying as general as possible. However, in order to make the results more specific, we
need to make some assumptions on the dynamics of the underlying. In particular, we assume that
the underlying S is a positive pure jump martingale under the pricing measure: more precisely, we
assume that it is given by

(20) St = S0 +
∫ t

0

∫
R
Su−(ex − 1)(M(dx, du)−Ku(x)dxdu)

for some (unknown) integer valued random measure M whose predictable compensator is absolutely
continuous, i.e. of the form Kω,u(x)dxdu, and such that almost surely in ω ∈ Ω, Kω,u is in the
Banach space B0 constructed in Section 3 of [?].

It may seem too restrictive to assume that the underlying process has no continuous martingale
component and that the compensator of M is absolutely continuous. These assumptions are dictated
by our choice of the code-book, which is based on pure jump processes without fixed points of dis-
continuity. To see this, recall, for example, that the short-maturity properties of call prices produced
by pure jump models are incompatible with the presence of a continuous component in the underlying
dynamics. The next section provides an extension of the present code-book and, as a result, allows
for slightly more general dynamics of the underlying.

Let us now specify the dynamics of (st, κ̃t). As it was mentioned above, if we want the model
corresponding to (st, κ̃t) to be tangent to the true model at time t (in other words, if we want (st, κ̃t)
to be the value of a code that reproduces the market prices at time t), then st has to coincide with St,
and its dynamics be given by (20). Therefore, the only additional process whose time-evolution we
need to specify is (κ̃t)t∈[0,T̄ ]. For the sake of convenience, we will model κ̃t in the form

κ̃t(τ, x) = κt(t+ τ, x),

where

(21) κt = κ0 +
∫ t

0
αudu+

m∑
n=1

∫ t

0
βnudB

n
u

whereB =
(
B1, . . . , Bm

)
is anm-dimensional Brownian motion (m can be∞), α is a progressively

measurable integrable stochastic process with values in a Banach space B, and β =
(
β1, . . . , βm

)
is

a vector of progressively measurable square integrable stochastic processes taking values in a Hilbert
spaceH. Please see Section 3 of [?] for the precise definitions of the spaces B andH.
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Notice again, that the dynamics of κt could, in principle, include jumps. We, however, restrict our
framework to the continuous evolution of κ in order to keep the results and their derivations more
transparent.

Thus, a dynamic tangent Lévy model is defined by the pair of equations (20) and (21), given that
such dynamics are consistent, or in other words, given that for any (T, x) ∈ (0, T̄ ]×R the following
equality is satisfied almost surely for all t ∈ [0, T )

CSt,κ̃t(T, x) = E
(

(ST −K)+
∣∣Ft)

This form of the consistency condition is, of course, not very convenient. It is important to char-
acterize the consistency of the code-book dynamics ((20) and (21)) explicitly in terms of the input
parameters: α, β and K. Such explicit formulation of the consistency condition is one of the main
results of [?], and it is given in Theorem 1 and Corollary 4 of the above mentioned paper. In order to
state this result we introduce the notation:

β̄nt (T, x) :=
∫ T

t∧T
βnt (u, x)du, Ψ (f ;x) = −ex

∫ sign(x)∞

x
f(y)dy.

Assuming S is a true martingale, κ ≥ 0 and β satisfies the alternative regularity assumptions
ARA1-ARA3 given in Section 3 of [?], the dynamic tangent Lévy model given by (20) and (21) is
consistent if and only if the following conditions are satisfied:

(1) Drift restriction:

αt(T, x) = −e−x
m∑
n=1

∫
R
∂2
y2Ψ

(
β̄nt (T ); y

)
[Ψ (βnt (T );x− y)− (1− y∂x) Ψ (βnt (T );x)]

−Ψ
(
β̄nt (T ); y

)
Ψ (βnt (T );x− y) dy,

(2) Compensator specification: Kt(x) = κt(t, x).

Model Specification and Existence Result. Denoting by ρ the weight function

ρ(x) := e−λ|x|
(
|x|−1−δ ∨ 1

)
,

with some λ > 1 and δ ∈ (0, 1), and switching from κt to κ̌t given by κ̌t(T, x) = κt(T, x)/ρ(x),
we can easily force κ̌t to take values in a more convenient space of continuous functions, in which its
maximal and minimal values can be controlled. Introducing the weighted drift α̌t = αt/ρ, weighted
diffusion terms

{
β̌nt = βnt /ρ

}m
n=1

(which take values in corresponding function spaces, see Section
5 of [?] for details) and the stopping time

τ0 = inf
{
t ≥ 0 : inf

T∈[t,T̄ ],x∈R
κ̌t(T, x) ≤ 0

}
,

(τ0 is predictable and κ̌t∧τ0 is nonnegative), we can specify the model as follows:
• Assume that the market filtration supports a Brownian motion {Bn}mn=1 and an independent

Poisson random measure N with compensator ρ(x)dxdt.

• Denote by {(tn, xn)}∞n=1 the atoms of N . Then M can be defined by its atoms

{(tn,W [κ̌tn(tn, .)](xn))}∞n=1 ,
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for some deterministic mapping f(.) 7→ W [f ](.), so that it has the desired compensator
ρ(x)κ̌t(t, x)dxdt, and therefore, the compensator specification is satisfied. An explicit ex-
pression for the mapping W is given in Section 5 of [?].

• Rewrite the right hand side of the drift restriction using β̌ instead of β, and denote the result-
ing quadratic operator byQβ̌t(T, x). Construct κ̌t by integrating ”β̌t ·dBt+Qβ̌tdt”, and stop
it at τ0. Such κ̌ will satisfy the drift restriction and the nonnegativity property.

In addition, βt = ρβ̌t satisfies the alternative regularity assumptions due to the choice of
state space for β̌t.

• If, in addition, we assume that β̌ is independent of N , we can guarantee that S, produced by
(20) and the above choice of M , is a true martingale. Thus, the above specification allows to
determine the model uniquely through N , B and β̌.

As a result we obtain the following class of code-book dynamics:

(22)


St = S0 +

∫ t
0

∫
R Su− (exp (W [κ̌u(u, .)](x))− 1) (N(dx, du)− ρ(x)dxdu) ,

κ̃t(T, x) = ρ(x)κ̌t(t+ T, x), κ̌t = κ̌0 +
∫ t

0 Q
β̌u1u≤τ0du+

∑m
n=1

∫ t
0 β̌

n
u1u≤τ0dB

n
u

Theorem 2 in [?] states that for any square integrable stochastic process β̌ the above system has
a unique solution, and if, in addition, β̌ is independent of N , then the resulting processes (St)t∈[0,T̄ ]

and (κ̃t)t∈[0,T̄ ] are consistent, and, therefore, form a dynamic tangent Lévy model.

This ”local existence” result, albeit limited (the presence of stopping time τ0 and the independence
assumption should eventually be relaxed, as it is demonstrated by the example that follows), provides
a method for construction of the future evolution of the market code-book, starting from any given
one. In practice, this means that, if we are able to calibrate a model from the chosen space of pure
jump exponential additive models to the currently observed option prices, we can use the above result
to generate a large family of dynamic stochastic models for the future joint evolution of the option
prices (or, equivalently, the implied volatility surface) and the underlying.

4.2. Example of Dynamic Tangent Lévy Model. The following tangent Lévy model was proposed
in [2]. Its analysis and implementation on real market data is being carried out in [10]. Here we
outline the main steps of the analysis to illustrate the versatility of the model, and the fact that it
does provide an answer to the nagging question of the Monte Carlo simulation of arbitrage free time
evolutions of implied volatility surfaces.

• Choose m = 1, and β̌t(T, x) = γtC(x),

• Let γt = σ
ε

(
infT∈[t,T̄ ],x∈R κ̌t(T, x) ∧ ε

)
, for some σ, ε > 0,

• and C(x) = e−λ
′|x| (|x| ∧ 1)δ C̃(x), for some λ′ > 0, δ ∈ (0, 1) and some absolutely contin-

uous function C̃ with bounded and absolutely integrable derivative.

• Then

κ̌t(T, x) = κ̌0(T, x) +
T − t

2
A(x)

∫ t

0
γ2
udu+ C(x)

∫ t

0
γudBu,
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FIGURE 2. Example of Tangent Lévy Model: Drift (left) and diffusion coefficient
(right) of κ̃, as functions of jump size x.

FIGURE 3. Simulated values of κ̃T (T, .) (left) and their average (right).

where A is obtained from C via the ”drift restriction”.
It is worth mentioning that, as shown in Proposition 4 of [?], the process κ̌ defined in this way always
stays positive.

5. EXTENSION OF DYNAMIC TANGENT LÉVY MODELS

Notice that the dynamic tangent Lévy models introduced above do not allow for a continuous
martingale component in the evolution of the underlying. This is a direct consequence of our choice
of the space of tangent models: they assume a pure jump evolution of the underlying and this implies
pure jump dynamics in the true model for the underlying, since certain asymptotic properties of
the marginal distributions of pure jump processes are incompatible with the presence of continuous
martingale component (recall the ”explosion” of Dupire’s local volatility in models with jumps).
Thus, in this section we consider an extension of the space of tangent Lévy models introduced above,
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which, although can be described using the same techniques, includes underlying processes with
nontrivial continuous martingale components.

Recall the definition of the space of tangent Lévy models and consider its extension in the sense
that we allow the underlying in each of the tangent model to be given by

(23) S̃t = s+
∫ t

0
Σ̃(u)dB̃u +

∫ t

0

∫
R
S̃u−(ex − 1) [N(dx, du)− κ̃(u, x)dxdu] ,

for a one-dimensional Brownian motion B̃ independent of the Poisson random measure N with com-
pensator κ̃(u, x)dxdu. The class of such models is then parameterized by

(
s, Σ̃(.), κ̃(., .)

)
. As

before, we introduce the call prices produced by
(
s, Σ̃, κ̃

)
Cs,Σ̃,κ̃(T, x) = E

(
S̃T − ex

)+
,(24)

and derive their analytic representation.
Finally, we put the static code-book in motion, producing the following dynamics of the code-book:

(25)


st = St, St = S0 +

∫ t
0 SuσudB

1
u +

∫ t
0

∫
R Su−(ex − 1)(M(dx, du)−Ku(x)dxdu),

κ̃t(T, x) = κt(t+ T, x), κt = κ0 +
∫ t

0 αudu+
∑m

n=1

∫ t
0 β

n
udB

n
u ,

Σ̃t(T ) = Σt(t+ T ), Σt = Σ0 +
∫ t

0 µudu+
∑m

n=1

∫ t
0 ν

n
udB

n
u ,

where B =
(
B1, . . . , Bm

)
is a multidimensional Brownian motion, M is an integer valued random

measure with predictable compensator Ku(ω, x)dxdu, α and βn are progressively measurable sto-
chastic processes satisfying natural integrability properties and taking values in B andH respectively
(see Section 3 of [?] for definitions). The progressively measurable integrable stochastic processes µ
and νn take values, respectively, in the space of continuous functions on [0, T̄ ], equipped with ”sup”
norm, and in the Hilbert space of absolutely continuous functions on [0, T̄ ] with square integrable
derivatives. The following result analyzes the consistency of the above dynamics.

Theorem 1. Assume that (St)t∈[0,T̄ ] is a martingale, β satisfies the alternative regularity assumptions
ARA1-ARA2 in Section 3 of [?] and κt(T, x) ≥ 0, almost surely for all t ∈ [0, T̄ ) and almost all
(T, x) ∈ [t, T̄ ] × R. Then processes (St,Σt, κt)t∈[0,T̄ ] satisfying (25) are consistent (and thus, form
an extended dynamic tangent Lévy model) if and only if the following conditions hold almost surely
for almost every x ∈ R and t ∈ [0, T̄ ), and all T ∈ (t, T̄ ]:

(1) Drift restriction:

αt(T, x) = −e−x
m∑
n=1

∫
R
∂2
y2Ψ

(
β̄nt (T ); y

)
[Ψ (βnt (T );x− y)− (1− y∂x) Ψ (βnt (T );x)]

−Ψ
(
β̄nt (T ); y

)
Ψ (βnt (T );x− y) dy − σt(∂x + 2)β1

t (T, x),

(2) Compensator specification: Kt(x) = κt(t, x),
(3) Volatility specification: σ2

t = Σ2
t (t),

(4) Stability of volatility: µ ≡ 0, ν ≡ 0.
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Proof:
We first recall Proposition 1 from Section 4 of [?], which states that the dynamics of the code-

book are consistent if and only if the call prices (CSt,Σ̃t,κ̃t(T, x))t∈[0,T̄ ) produced by the code-book
are martingales. It is not hard to see, by essentially repeating the proof of the proposition, that its
statement holds in the present setup.

Thus, we need to characterize the martingale property of call prices produced by dynamic code-
book in terms of the input parameters of the model. This, again, can be done along the lines presented
in Section 4 of [?]. Recall that the analytic representation of the call prices produced by the code-book
is obtained in the Fourier domain first (see (19) above). Thus, analogous to the case of tangent Lévy
models, we introduce ∆s,Σ̃,κ̃(T, x) = −∂xCs,Σ̃,κ̃(T, x), and ∆̂s,Σ̃,κ̃(T, ξ) as the Fourier transform
of ∆s,Σ̃,κ̃(T, .). Then we can rewrite (19) in the present setup (with one additional term on the right
hand side of the equation) and obtain

(26) ∆̂St,Σ̃t,κ̃t(T, ξ) =
elogSt(1−2πiξ)

1− 2πiξ
exp

(
−2π(2πξ2 + iξ)

∫ T

T∧t

1
2

Σ2
t (u) + ψ̂(κt(u, · ); ξ)du

)
,

where ψ̂ is the Fourier transform of ψ defined in (18).
It is not hard to repeat the proof of Theorem 1 in Section 4 of [?] to see that the martingale property

of CSt,Σ̃t,κ̃t is, in fact, equivalent to the martingale property (in fact, even a local martingale property)
of ∆̂St,Σ̃t,κ̃t . Then, applying the Ito’s rule to (26) (repeat the proofs of Propositions 1 and 2 and their
corollaries from Section 4 of [?] for the rigorous derivation of this), we obtain

d
(

∆̂St,Σ̃t,κ̃t(T, ξ)
)

= ∆̂St,Σ̃t,κ̃t(T, ξ)2πiξ(1− 2πiξ)
[
ψ̂(κt(t, .)−Kt(.); ξ) +

1
2
(
Σ2
t (t)− σ2

t

)
+πiξ(1− 2πiξ)

m∑
n=1

(∫ T

t∧T
Σt(u)νnt (u)du

)2

−
∫ T

t∧T
Σt(u)µt(u) +

1
2
|νt(u)|2 du

+πiξ(1− 2πiξ)
m∑
n=1

(∫ T

t∧T
ψ̂(βnt (u, .); ξ)du

)2

−
∫ T

t∧T
ψ̂(αt(u, .); ξ)du

−(1− 2πiξ)σt
∫ T

t∧T
Σt(u)ν1

t (u) + ψ̂(β1
t (u, .); ξ)du

]
dt+ [. . .] dZt,

where Z is a local martingale.
Denote the drift of the above equation by Γt(T, ξ). We need to find necessary and sufficient

conditions for Γt(T, ξ)/∆̂St,Σ̃t,κ̃t(T, ξ) to be zero, for all T ∈ (t, T̄ ) and ξ ∈ R. Since this expression
is absolutely continuous as a function of T ∈ (t, T̄ ), it vanishes if and only if its value at T = t is
zero and the values of its derivative are zero for all (T, ξ) ∈ (t, T̄ )× R. Thus, we obtain a system of
two equations:
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ψ̂(κt(t, · )−Kt(.); ξ) +
1
2
(
Σ2
t (t)− σ2

t

)
= 0,

2πiξ(1− 2πiξ)
m∑
n=1

Σt(T )νnt (T )
∫ T

t∧T
Σt(u)νnt (u)du− Σt(T )µt(T ) +

1
2
|νt(T )|2

+ 2πiξ(1− 2πiξ)
m∑
n=1

ψ̂(βnt (u, · ); ξ)
∫ T

t∧T
ψ̂(βnt (u, · ); ξ)du− ψ̂(αt(T, ·, ); ξ)

− (1− 2πiξ)σt
(

Σt(T )ν1
t (T ) + ψ̂(β1

t (T, · ); ξ)
)

= 0

Now, recall that Fourier transform of an absolutely integrable function converges to zero as the
argument goes to infinity. Also notice that multiplication by ”−2πiξ” in the Fourier domain cor-
responds to taking derivative in the original domain. Due to the alternative regularity assumptions,
∂xψ(βnt (T, .);x) = Ψ(βnt (T, .);x) is absolutely integrable in x ∈ R, therefore, ξψ̂(βnt (T, .); ξ)→ 0,
as |ξ| → ∞. Using this observation, we can split the above system into the following parts

κt(t, x)−Kt(x) = 0, Σ2
t (t)− σ2

t = 0,
m∑
n=1

Σt(T )νnt (T )
∫ T

t∧T
Σt(u)νnt (u)du = 0, µt(T ) = 0,

2πiξ(1− 2πiξ)
m∑
n=1

ψ̂(βnt (u, · ); ξ)
∫ T

t∧T
ψ̂(βnt (u, · ); ξ)du

− (1− 2πiξ)σtψ̂(β1
t (T, · ); ξ)− ψ̂(αt(T, · ); ξ) = 0,

which, after inverting the Fourier transform and operator ψ (see the end of the proof of Theorem 1 in
Section 4 of [?]), yields the statement of the theorem.

As one can see, the parameter Σt in the above tangent models cannot change as a continuous
stochastic process in t, and therefore, the spot volatility σt has to be deterministic. This surprising
result can be interpreted as follows: calibrating exponential additive model to the call option market
at each time, assuming that the parameters of the calibration change continuously, one has to keep the
same continuous quadratic variation component Σ2(.) in order to avoid arbitrage.

6. CONCLUSIONS

In this paper we described two classes of tangent (consistent) models when the call price surface
can be coded by:

• a Local Volatility surface
• a Tangent Lévy Density.

Each class corresponds to a different type of dynamics of the underlying, continuous in the first case
and pure jump in the second, while keeping the semimartingale property. Our description of tangent
Lévy models is complete in the sense that for any admissible value of the free parameter in a given
linear space, we can construct a unique arbitrage-free market model. Finally, the last contribution of
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this paper is to generalize the class of tangent Lévy models to include underlying processes with a
diffusive component, and to extend the characterization of the consistency of the model (including
the classical drift condition) to this enlarged class of models going beyond the pure jump underlying
models studied in [?].
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