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ABSTRACT. The purpose of this paper is to provide a detailed probabilistic analysis of the optimal
control of nonlinear stochastic dynamical systems of the McKean Vlasov type. Motivated by the recent
interest in mean field games, we highlight the connection and the differences between the two sets of
problems. We prove a new version of the stochastic maximum principle and give sufficient conditions
for existence of an optimal control. We also provide examples for which our sufficient conditions for
existence of an optimal solution are satisfied. Finally we show that our solution to the control problem
provides approximate equilibria for large stochastic games with mean field interactions.

1. INTRODUCTION

The purpose of this paper is to provide a detailed probabilistic analysis of the optimal control of
nonlinear stochastic dynamical systems of the McKean-Vlasov type. The present study is motivated
in part by a recent surge of interest in mean field games.

We prove a version of the stochastic Pontryagin maximum principle that is tailor-made to McKean-
Vlasov dynamics and give sufficient conditions for existence of an optimal control. We also provide a
class of examples for which our sufficient conditions for existence of an optimal solution are satisfied.
Putting these conditions to work at the solution of an optimal control problem leads to the solution
of a system of Forward Backward Stochastic Differential Equations (FBSDEs for short) where the
marginal distributions of the solutions appear in the coefficients of the equations. We call these equa-
tions mean field FBSDEs, or FBSDEs of McKean-Vlasov type. To the best of our knowledge, these
equations have not been studied before. A rather general existence result was recently proposed in
[6], but one of the assumptions (boundedness of the coefficients with respect to the state variable) pre-
cludes applications to solvable models such that the Linear Quadratic (LQ for short) models. Here,
we take advantage of the convexity of the underlying Hamiltonian and apply the so-called continua-
tion method exposed in [14] in order to prove existence and uniqueness of the solution of the FBSDEs
at hand, extending and refining the results of [6] to the models considered in this paper. The technical
details are given in Section 5.

Without the control a4, stochastic differential equations of McKean-Vlasov type are associated to
special nonlinear Partial Differential Equations (PDEs) put on a rigorous mathematical footing by
Henry McKean Jrin [11]. See also [12, 16, 10]. Existence and uniqueness results for these equations
have been developed in order to provide effective equations for studying large systems, reducing the
dimension and the complexity, at the cost of handling non Markovian dynamics depending upon the
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statistical distribution of the solution. In the same spirit, we show in Section 6 that our solution of
the optimal control of McKean-Vlasov stochastic differential equations provides strategies putting a
large system of individual optimizers in an approximate equilibrium, the notion of equilibrium being
defined appropriately. The proof is based on standard arguments from the theory of the propagation
of chaos, see for example [16, 10]. The identification of approximate equilibriums in feedback form
requires strong regularity properties of the decoupling field of the FBSDE. They are proved in Section
5.

2. PROBABILISTIC SET-UP OF MCKEAN-VLASOV EQUATIONS

In what follows, we assume that W = (W})o<¢<7 is an m-dimensional standard Wiener process
defined on a probability space (2, F,[P) and F = (F;)o<¢<7 is its natural filtration possibly aug-
mented with an independent o-algebra F(. For each random variable/vector or stochastic process X,
we denote by Px the law (alternatively called the distribution) of X.

The stochastic dynamics of interest in this paper are given by a stochastic process X = (X;)o<i<7
satisfying a nonlinear stochastic differential equation of the form

(1) dXt — b(t,Xt,PXt,Oét)dt+O'(t,Xt,]P)Xt,at)th, O S t S T?

where the drift and diffusion coefficient of the state X; of the system are given by the pair of de-
terministic functions (b, ) : [0,7] x R? x Py(R%) x A — R? x R¥>*™ and o = (c)o<i<7 is a
progressively measurable process with values in a measurable space (A, .A). Typically, A will be an
open subset of an Euclidean space R¥ and A the o-field induced by the Borel o-field of this Euclidean
space.

Also, for each measurable space (E, ), we use the notation P(E) for the space of probability
measures on (F, £), assuming that the o-field £ on which the measures are defined is understood.
When E is a metric or a normed space (most often RY), we denote by P,(E) the subspace of P(E)
of the probability measures of order p, namely those probability measures which integrate the p-th
power of the distance to a fixed point (whose choice is irrelevant in the definition of P,(£)). The
term nonlinear does not refer to the fact that the coefficients b and ¢ could be nonlinear functions of
z but instead to the fact that they depend not only on the value of the unknown process X; at time ¢,
but also on its marginal distribution Px,. We shall assume that the drift coefficient b and the volatility
o satisfy the following assumptions.

(Al) Foreachz € RY, p € Po(R%) and a € A, the function [0,T] > t — (b,0)(t,z, u, ) €
R? x R¥*™ is square integrable;
(A2) Jc>0,Vt€[0,T],Va € A, Vo, 2’ € RE, Yy, 1/ € Py(RY),
|b(ta T, [, a) - b(t’ 1:/7 //’ O‘)’ + |U(tv Ty Ky a) - U(tv SU/, va O‘)‘ < C“x - SU/| + WQ(M? :u/)] )
where Wa(u, 1) denotes the 2-Wasserstein’s distance. For a general p > 1, the p-Wasserstein’s
distance W), (p, ¢') is defined on P, (E) by:

1/p

Wy (i, ') = inf { {/ |z — y|[Pr(dz, dy) ; ™ € Po(E x E) with marginals p and //} :
ExXE

Notice that if X and X’ are random variables of order 2, then Wa(Px,Px/) < [E|X — X’|?]'/2. The
measurability, integrability, . . . properties required from a process « in order to belong to A (and be
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called admissible) may change later on, but for the time being we assume that A is an open subset of
R” and A is the set of A-valued progressively measurable processes o € H?*, where H*™ denotes
the Hilbert space

T
H2" .= {Z € HO™, IE/ |Z,|2ds < +oo}
0

with H%" standing for the collection of all R"-valued progressively measurable processes on [0, 7.
By (A.1) and (A.2), any a € A satisfies

T
IE/ [16(t, 0, 80, a) 2 + |o(£, 0, 8o, ) |2)dt < +oc.
0

Together with the Lipschitz assumption (A.2), this guarantees that, for any @ € A, there exists a
unique solution X = X of (1), and that moreover this solution satisfies

(2) E sup | X3P < 400
0<t<T
for every p € [1,2]. See e.g. [16, 10] for a proof.
The stochastic optimization problem which we consider is to minimize the objective function

T
3) J(Oé) :E{/O f(t,Xt,PXt,ozt)dt+g(XT,PXT)},

over the set A of admissible control processes a = (o )o<¢<7. The running cost function f is a real
valued deterministic function on [0, 7] x R? x Py(R?) x A, and the terminal cost function g is a real
valued deterministic function on R? x Py(R?). Assumptions on the cost functions f and g will be
spelled out later.

The McKean-Vlasov dynamics posited in (1) are sometimes called of mean field type. This is
justified by the fact that the uncontrolled stochastic differential equations of the McKean-Vlasov type
first appeared in the infinite particle limit of large systems of particles with mean field interactions.
See [12, 16, 10] for example. Typically, the dynamics of such a system of IV particles are given by a
system of N stochastic differential equations of the form

dXZ = bl(t7th, 7X1€N)dt+o-i(tatha"' )XtN)thi’

where the W#’s are N independent standard Wiener processes in R™, the o%’s are N deterministic
functions from [0, 7] x RY*? into the space of d x m real matrices, and the b*’s are N deterministic
functions from [0, 7] x RV* into R, The interaction between the particles is said to be of mean
field type when the functions b’ and ¢* are of the form

bi(t,l'l,"' 7xN):b(t7mi7ﬂ]£V>7 and O'i(t,(lfl,"‘ axN):U(tvxiaﬂg)a Z:17 aNa

for some deterministic function b from [0, 7] x R? x P; (R?) into R%, and & from [0, 7] x R% x P; (R%)
into the space of d x m real matrices. Here, for each N-tuple x = (z1,--- ,zx), we denote by ﬂg ,
or i when no confusion is possible, the empirical probability measure defined by:

N
1
) it (da') = 5 D 0, (da')
j=1
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and for each x by J, the unit point mass (Dirac) measure at z. We shall come back to this formulation
of the problem in the last section of the paper when we use results from the propagation of chaos to
construct approximate equilibriums.

We emphasize that the optimization problem (3) differs from the optimization problem encountered
in the theory of mean field games. Differences between these optimization problems are discussed
in [8]. When handling mean field games, the optimization of the cost functional (3) is performed
for a fixed flow of probability measures. In other words, the argument (Px, )o<:<7 in (1) and (3) is
kept fixed as « varies and the controlled processes are driven by the same flow of measures, which
is not necessarily the flow of distributions of the process (X;)o<i<7 but only an input. Solving
the corresponding mean field game then consists in identifying a flow of probability measures, that
is an input, such that the optimal states have precisely the input as flow of statistical distributions.
As highlighted in Section 6, the optimization problem for controlled McKean-Vlasov dynamics as
we consider here, also reads as a limit problem as N tends to infinity, of the optimal states of N
interacting players or agents using a common policy.

Useful Notations. Given a function h : R? — R and a vector p € R%, we will denote by 0h(z) - p
the action of the gradient of h onto p. When h : R? — R¢, we will also denote by Oh(z) - p the
action of the gradient of & onto p, the resulting quantity being an element of RY. When h : R — R¢
and p € RY, we will denote by Oh(x) ® p the element of R? defined by d,.[h(z) - p] where - is here
understood as the inner product in RY.

3. PRELIMINARIES

We now introduce the notation and concepts needed for the analysis of the stochastic optimization
problem associated with the control of McKean-Vlasov dynamics.

3.1. Differentiability and Convexity of Functions of Measures. There are many notions of differ-
entiability for functions defined on spaces of measures, and recent progress in the theory of optimal
transportation have put several forms in the limelight. See for example [1, 17] for exposés of these
geometric approaches in textbook form. However, the notion of differentiability which we find con-
venient for the type of stochastic control problem studied in this paper is slightly different. It is more
of a functional analytic nature. We believe that it was introduced by P.L. Lions in his lectures at the
College de France. See [5] for a readable account. This notion of differentiability is based on the /ift-
ing of functions Py(R?) > p = H(p) into functions H defined on the Hilbert space L?(€2; R?%) over
some probability space (Q, F,P) by setting H(X) = H (]?’ ) for X € L?(Q;R%), Q being a Polish
space and P an atomless measure. Then, a function H is said to be differentiable at o € Pa(R%)
if there exists a random variable X, with law 10, in other words satisfying IP’ ¢ = lo, such that the
lifted function H is Fréchet differentiable at X, o- Whenever this is the case, the Fréchet derivative of
H at X can be viewed as an element of L2(Q;R%) by identifying L2(€; R%) and its dual. It then
turns out that its distribution depends only upon the law ¢ and not upon the particular random vari-
able Xo having distribution p. See Section 6 in [5] for details. This Fréchet derivative [DFI ] (XO) is
called the representation of the derivative of H at u along the variable X,. Since it is viewed as an
element of L2(Q;RY), by definition,

(5) H(u) = H(po) + [DH](Xo) - (X — Xo) + o(| X — Xoll2)
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whenever X and X, are random variables with distributions z and 1 respectively, the dot product
being here the L2- inner product over (€2, F, ]P’) and || - ||2 the associated norm. It is shown in [5]
that, as a random variable, it is of the form h(Xo) for some deterministic measurable function / :
R% — R?, which is uniquely defined pio-almost everywhere on R%. The equivalence class of & in
L%(RY, 110) being uniquely defined, we can denote it by 8, H (110) (or OH (uo) when no confusion is
possible): We will call 9, H (110) the derivative of H at i and we will often identify it with a function
OuH (p0)(+) : R > 2+ 8,H (uo)(z) € R? (or by OH (uo)( ) when no confusion is possible).
Notice that 9, H (110) allows us to express [DH](X() as a function of any random variable X with
distribution p, irrespective of where this random variable is defined. In particular, the differentiation
formula (5) is somehow invariant by modification of the space Q) and of the variables X and X used
for the representation of H, in the sense that [DH](Xo) always reads as 9, H (10)(Xo), whatever the
choices of Q, X and X are. It is plain to see how this works when the function H is of the form

© ") = | (o) = ()

for some scalar differentiable function / defined on R?. Indeed, in this case, H(X) = E[h(X)]
and DH(X) - Y = E[0h(X) - Y] so that we can think of 8, H (1) as the deterministic function Oh.
We will use this particular example to recover the Pontryagm principle originally derived in [2] for
scalar interations as a particular case of the general Pontryagin principle which we prove below. The
example (6) highlights the fact that this notion of differentiability is very different from the usual one.
Indeed, given the fact that the function H defined by (6) is linear in the measure  when viewed as
an element of the dual of a function space, one should expect the derivative to be h and NOT 1’ ! The
notion of differentiability used in this paper is best understood as differentiation of functions of limits
of empirical measures (or linear combinations of Dirac point masses) in the directions of the atoms
of the measures. We illustrate this fact in the next two propositions.

Proposition 3.1. If u is differentiable on Py(R?), given any integer N > 1, we define the empirical
projection of u onto R? by

N
1
N:(Rd)N9$:(x1,...,xN)Hu<N§5xi>.

Then, " is differentiable on (R*)N and, foralli € {1,...,N}
1, (1
00 (2) = 0,8 (31, .., 2x) = Nau<N Zaxj) ().

Proof. On (Q, F,P), consider a uniformly distributed random variable 9 over the set {1,..., N}.
Then, for any fixed z = (21,...,2nx) € (RY)Y, xy is a random variable having the distribution
=N"1 Zf\i 1 0z, In particular, with the same notation as above for @,

N (z) = @V (z1,...,zN) = U(xy).
Therefore, for b = (hq, ..., hy) € (RH)V,
Nz + @) = @(wy + hg) = W(zy) + Di(zy) - hy + o(|h]),
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the dot product being here the L2- inner product over (Q, F, I@’), from which we deduce
1 N
a(z+h) =" (2) + 2_; (™) (w)hi + o(|h]),
which is the desired result. g

The mapping Da : L2(; RY) — L2(Q;RY) is said to be Lipchitz continuous if there exists a
constant C' > 0 such that, for any square integrable random variables X andY in LQ(Q; R?), it holds
|Da(X) — Da(Y)||2 < C||X — Y||o. In such a case, the Lipschitz property can be transferred onto
L?(£2) and then rewritten as:

) E[|ou(Px)(X) — du(Py)(Y)]?] < C*E[|X — Y|?],

for any square integrable random variables X and Y in L?(Q;R?). From our discussion of the
construction of du, notice that, for each p, du(p)( ) is only uniquely defined p-almost everywhere.
The following lemma (the proof of which is deferred to Subsection 3.3) then says that, in the current
framework, there is a Lipschitz continuous version of du(u)( - ):

Lemma 3.2. Given a family of Borel-measurable mappings (v(p)(-) : R? — R9) ey (rd) indexed

by the probability measures of order 2 on R%, assume that there exists a constant C such that, for any
square integrable random variables ¢ and &' in L*(Q;R?), it holds

®) E[Ju(Pe)(€) — v(Pe) ()] < C?E[l€ - €]

Then, for each ;1 € Po(R%), one can redefine v(p)( - ) on a p-negligeable set in such a way that:
va,a' € RY, Jo(u)(x) = v(u)(@')] < Clo 2],

for the same C as in (8).

By (7), we can use Lemma 3.2 in order to define u(u)(z) for every u and every x while preserving
the Lipschitz property in the variable . From now on, we shall use this version of du. So, if
v € Po(R?) and X and Y are random variables such that Py = ;1 and Py = v, we have:

E[|0u(1)(X) — du(v)(X)[*] <2 <E[\aU(M)(X) = ou(v)(Y) "] + E[|ou(v)(Y) ~ aU(V)(X)IQ]>

<AC’E[lY — X|*],

where we used the Lipschitz property (7) of the derivative together with the result of Lemma 3.2
applied to the function Ju(v). Now, taking the infimum over all the couplings (X, Y) with marginals
w and v, we obtain

X}gf:ula[yau(u)()() — u(v)(X)|?] < 4C*Ws(Px,Py)?

and since the left-hand side depends only upon w and not on X as long as Px = u, we get
©) E[[0u(p)(X) — 0u(v)(X)?] < 4C*Wo(u, v)%.

We will use the following consequence of this estimate:
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Proposition 3.3. Let u be a differentiable function on Py(R?) with a Lipschitz derivative, and let
1€ Pa(RY), and x = (z1,...,xn5) € RYN andy = (y1,...,yn) € (RY)N. Then, with the same
notation as in the statement of Proposition 3.1, we have:

aaN(:c)-(y—x):}Véau(u)(w) )+ 0| Wl ) (¥ IZm y|)/]

the dot product being here the usual Euclidean inner product and O standing for the Landau notation.

Proof. Using Proposition 3.1, we get:

ouN (z)-(y Za Yi — i)
— ]1[; (™) () (yi — 25)

1 N 1 N
:NZGu(N)(xi)(yi—xz NZ — Au(p) ()] (yi — x2).

Now, by Cauchy-Schwarz’ inequality,

1 N
‘N Z[@u(ﬁN)(:ci) — u(p) (@) (i — 1)

2,4 N 1/2
(@) ) — )@ ) (3 S b~ il
<(vX; ) (3gm-=r)
B N 1/2
= (Bl o) ~ e )" (5 =)

1/2
<20W2H , YL ( Z|yz_$z|> )

if we use the same notation for ¥ as in the proof of Proposition 3.1 and apply the estimate (9) with
X =29, p=pa" and v = p. U

Remark 3.4. We shall use the estimate of Proposition 3.3 when x; = X; and the X;’s are independent
RY-valued random variables with common distribution ji. Whenever ji € Po(R?), the law of large
numbers ensures that the Wasserstein distance between . and the empirical measure i tends to 0
a.s., that is

IP’( lim WQ(/,L J) = 0) =1,

n—-+0o
see for example Section 10 in [15]. Since we can find a constant C > 0, independent of N, such that

N
1
W™ ) < C(1+ 5 D 1XiP?)
=1
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we deduce from the law of large numbers again that the family (W3 (i, p)) n>1 is uniformly inte-
grable, so that the convergence to 0 also holds in the L? sense:

: 2/=-N _
(10) Jim B[W5 (57, p)] = 0.
Whenever [ |z|"™pu(dz) < oo, the rate of convergence can be specified. We indeed have the
following standard estimate on the Wasserstein distance between 1 and the empirical measure i :

(11) E[W (i, p)] < ON~2/@H4)]

for some constant C > 0, see for example Section 10 in [15]. Proposition 3.3 then says that,
when N is large, the gradient of W~ at the empirical sample (Xi)1<i<n is close to the sample
(Ou(p)(X;))1<i<n, the accuracy of the approximation being specified in the L*(Q) norm by (11)
when p is sufficiently integrable.

3.2. Joint Differentiability and Convexity.

Joint Differentiability. Below, we often consider functions g : R™ x Py(R%) 5 (z, ) — g(x, ) €
R depending on both an n-dimensional = and a probability measure p. Joint differentiability is
then defined according to the same procedure: g is said to be jointly differentiable if the lifting g :
R" x L2(Q;R%) 3 (z,X) — g(z,P ¢) is jointly differentiable. In such a case, we can define the
partial derivatives in  and p: they read R? x Pa(R?) > (z, 1) = 9p9(z, 1) and RY x Py(R?) >
(z, 1) = Oug(z, 1) (-) € L*(R%, p) respectively. The partial Fréchet derivative of § in the direction
X thus reads L?(Q; R?) o (2, X) = Dgg(z, X) = ,9(z, Pz )(X) € L2(Q;RY).

We often use the fact that joint differentiability in the two arguments is equivalent with partial
differentiability in each of the two arguments and joint continuity of the partial derivatives. Here, the
joint continuity of J,.¢ is understood as the joint continuity with respect to the Euclidean distance on
R™ and the Wasserstein distance on Pp(R?). The joint continuity of 0,9 is understood as the joint
continuity of the mapping (2, X) + 9,9(, ]IS)X)(X) from R™ x L?(Q; RY) into L2(Q; RY).

When the partial derivatives of g are assumed to be Lipschitz-continuous, we can benefit from
Lemma 3.2. It says that, for any (z, 1), the representation R? > x’ +— 0,,g(x, 1) (z') makes sense as
a Lipschitz function in 2’ and that an appropriate version of (9) holds true.

Convex Functions of Measures. We define a notion of convexity associated with this notion of
differentiability. A function g on P2(RY) which is differentiable in the above sense is said to be
convex if for every yu and p’ in Po(R?) we have

(12) g(1') — g(1) — E[0ug(u)(X) - (X' — X)] > 0

whenever X and X' are square integrable random variables with distributions y and /' respectively.
Examples are given in Subsection 4.3.

More generally, a function g on R™ x P, (R?) which is jointly differentiable in the above sense is
said to be convex if for every (x, ;1) and (2/, ¢/) in R™ x Py (R?) we have

(13) 9@, 1) = g(x, p) — Opg(x, p) - (&' — 2) — E[Dug(z, p)(X) - (X' = X)] >0

whenever X and X' are square integrable random variables with distributions . and ' respectively.
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3.3. Proof of Lemma 3.2. First Step. We first consider the case v bounded and assume that p has
a strictly positive continuous density p on the whole R, p and its derivatives being of exponential
decay at the infinity. We then claim that there exists a continuously differentiable one-to-one function
from (0,1)? onto R¢ such that, whenever 71, ...,7, are d independent random variables, each of
them being uniformly distributed on (0,1), U(n,...,nq) has distribution p. It satisfies for any
(21, 24) € (0,1)1

oU; oU;

8,2: (z1,...,24) #0, 821-]

The result is well-known when d = 1. In such a case, U is the inverse of the cumulative distribution
function of p. In higher dimension, U can be constructed by an induction argument on the dimension.
Assume indeed that some U has been constructed for the first marginal distribution /i of 1 on R4,
that is for the push-forward of y by the projection mapping R? > (x1,...,x4) + (21,...,2q_1).
Given (z1,...,74_1) € RY!, we then denote by p(:|z1,...,24_1) the conditional density of y
given the d — 1 first coordinates:

(21,...,Zd)20, 1<i<j<d.

p(x1,...,2q)
ﬁ(l‘l, ooy xd,l)’
where p denotes the density of ji (which is continuously differentiable and positive). We then denote
by (0,1) 3 z4 = Ug(z4|1, ..., xq—1) the inverse of the cumulative distribution function of the law
of density p( - |x1,...,2x4_1). It satisfies

p(zalry, ... z4-1) = T1,..., 241 € RTL

Fy(Ua(zalz1, - a—1)|z1, - Ta-1) = 24,
with

Tq

Fd(xd’xlv"wxd—l) :/ p(y’xlv"wxd—l)dya

—0o0
which is continuously differentiable in (x1, ..., x4). By the implicit function theorem, the mapping
R (0,1) 3 (1, ..., 2q-1, 2q) — Uq(2q|21, ..., 24-1) is continuously differentiable. The partial
derivative with respect to z4 is given by
oUy 1
Tzd(zd’xl’ o Td-1) = p(Ug(zaqlz1, .- xa1)|T1, - s 2q-1)

which is non-zero. We now let
U(Zl, e Zd) = (U(Zl, e del), Ud(zd\U(zl, - ,del))), 21y 32d € (0, 1)d.
By construction, U (71, ...,nq) has distribution u: (n1,...,74—1) has distribution /i and the con-

ditional law of Ug(n1,...,n4) given ny,...,mq—1 is the conditional law of p given the d — 1 first
coordinates. It satisfies [0U;/0z4)(21,...,24) > 0 and [0U;/0z4](z1,...,24) = 0fori < d. In
particular, since U is assumed (by induction) to be injective and [0U;/0zq4|(z1, - - ., 24) > 0, U must

be injective as well. As the Jacobian matrix of U is triangular with non-zero elements on the diagonal,
it is invertible. By the global inversion theorem, U is a diffeomorphism: the range of U is the support
of i, that is RY. This proves that U is one-to-one from (0, 1) onto R%.

Second Step. We still consider the case v bounded and assume that p has a strictly positive con-
tinuous density p on the whole R?, p and its derivatives being of exponential decay at the infinity.
We will use the mapping U constructed in the first step. For three random variables &, ¢’ and G in
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L?(Q;R%), the pair (&,¢) being independent of G, the random variables ¢ and ¢ having the same
distribution, and G being N;(0, I;) normally distributed, (8) implies that, for any integer n > 1

E[lv(§+n7'G,Pep1g) —v(€ +n7 G, Pepr10)P] < C?E[J€ - €')7].

In particular, setting

nd

o — yP?
W/Rdv(yapsmla) eXP(—”2T)dyv

vp(x) =

we have
(14) E{lva(£) — va(&)?] < C*E[J¢ - €]

Notice that v, is infinitely differentiable with bounded derivatives.

We now choose a specific coupling for £ and £’. Indeed, we know that for any = (71, ..., 74) and
n = (n;,...,n)), with uniform distribution on (0, 1)%, U(n) and U(n) have the same distribution
as £&. Without any loss of generality, we then assume that the probability space (2, F, P) is given by
(0, 1) x R? endowed with its Borel o-algebra and the product of the Lebesgue measure on (0, 1) and
of the Gaussian measure Ny(0, I;). The random variables 7 and G are then chosen as the canonical
mappings 7 : (0,1)% x RY > (z,y) = zand G : (0,1)% x R% > (z,y) — .

We then define 7’ as a function of the variable z € (0,1)? only. For a given 20 = (2{,... ,29) €
(0,1)¢ and for h small enough so that the open ball B(2°, h) of center 2° and radius % is included in
(0,1)%, we let:

v 2%+ (2 —za)ea  on B(z%h),
n(z) = { 2, outside B(z°, h),

where ¢4 is the dth vector of the canonical basis. We rewrite (14) as:

2

| o) ~ @) e < [ [Ume) - vie)f
(0,1)4 (0,1)4
or equivalently:
/ ‘vn[U(zO +r—2r4eq)] —vn(U(z0+r))‘2dr
(15) [r|<h
SC’Z/ |U(2° + r — 2r4eq) —U(zo—i-r)fdr.
[r|<h
Since U is continuously differentiable, we have
V(U (2 4+ 1)) = 0, (U(2°)) 4+ 0v, (U (2°)) - [0U(2%) - 7] + o(r),
where OU (2°) is a d x d matrix. We deduce
d
a’Un OUl
o [U(2° 4+ 1 — 2rgeq)| —vn(U(2° + 1)) = —2 ZZ: oz, (U(") D2y (2")ra + o(r)
_ 99 70,01,90a 0
25 (U(:) 5O + o),
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since OU; /Dzq = 0 for i # d, and

/||<h‘vn [U(zo +r— 2rded)} — vn(U(zo — T))’zdr

(16)
rgdr 4+ o(h°).
‘al’d 8Zd( )‘ irl<h d ( )
Similarly,
0 Uq , o2 2 3
(17) UG+ 71— 2rqeq) — U(2" —i—r)‘ dr :4‘(9—(2' )| radr + o(h”).
r|<h Zd 7| <h

and putting together (15), (16), and (17), we obtain

‘8xd aZd( )‘ ‘8Zd Z)’

Since [0U4/924)(2°) is different from zero, we deduce that

’0% )2 < 2,
8:17d

and since U is a one-to-one mapping from (0, 1)¢ onto R?, and z° € (0,1)? is arbitrary, we conclude
that |[Qv,/0z4](z)] < C, for any z € R? By changing the basis used for the construction of
U (we used the canonical one but we could use any orthonormal basis), we have |V, (z)e| < C
for any x,e € R? with |e] = 1. This proves that the functions (v;,),>1 are uniformly bounded
and C-Lipschitz continuous. We then denote by ¢ the limit of a subsequence converging for the
topology of uniform convergence on compact subsets. For simplicity, we keep the index n to denote
the subsequence. Assumption (8) implies:

E[jvn(€) — v(&Pe)?] SE[jo(€ +n G Peyp1g) — v(&,Pe)*] < CPn2,

and taking the limit n — +o0o, we deduce that v and v( -, P¢) coincide IP¢ almost everywhere. This
completes the proof when v is bounded and £ has a continuous positive density p, p and its derivatives
being of exponential decay at the infinity.

Third Step. When v is bounded and ¢ is bounded and has a general distribution, we approximate £
by € +n G again. Then, £ +n G has a positive continuous density, the density and its derivatives
being of Gaussian decay at the infinity, so that the function R? > z + v(z, P ,-1¢) can be assumed
to be C-Lipschitz continuous for each n > 1. Extracting a converging subsequence and passing to
the limit as above, we deduce that v(-, P¢) admits a C-Lipschitz continuous version.

When v is bounded but £ is not bounded, we approximate £ by its orthogonal projection on the ball
of center 0 and radius n. We then complete the proof in a similar way.

Finally when v is not bounded, we approximate v by (¢, (v)),>1 where, for eachn > 1, ¢, is a
bounded smooth function from R into itself such that ¢, (r) = r for r € [—n, n] and |[d¥,, /dr](r)] <
1 for all € R. Then, for each n > 1, there exists a C-Lipschitz continuous version of 1, (v (-, P¢)).
Choosing some zo € R? such that [v(xg,P¢)| < +oo, the sequence ¥y, (v(zg, P¢)) is bounded so
that the sequence of functions (¢, (v( -, P¢)))n>1 is uniformly bounded and continuous on compact
subsets. Extracting a converging subsequence, we complete the proof in the same way as before.
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3.4. The Hamiltonian and the Dual Equations. The Hamiltonian of the stochastic optimization
problem is defined as the function H given by

(18) H(t,z,u,y,z,c) = b(t,x, p,c) -y +o(t,z, u,a) - 2z + f(t,z, p, @)

where the dot notation stands here for the inner product in an Euclidean space. Because we need to
compute derivatives of H with respect to its variable p, we consider the lifting H defined by

(19) H(t,x, X, y,z,0) = H(t,z, p,y, 2,0)

for any random variable X with distribution z, and we shall denote by O H(t,x, p1o,y, 2, ) the
derivative with respect to ;1 computed at pg (as defined above) whenever all the other variables t, z,
y, z and « are held fixed. We recall that 8, H (¢, z, j19, Y, 2, @) is an element of L?(R%, y) and that
we identify it with a function 0, H (t, =, o, y, z,@)(-) : R? 2 & — 9,H(t, x, o, y, 2, a) (). Tt
satisfies DlEI(t7 z,X,y, 2, a) =0,H(t, z, po,y, 2, a)(X) almost-surely under P.

Definition 3.5. Assume that the coefficients b, o, f and g are differentiable with respect to x and p.
Then, given an admissible control a = (a)o<i<T € A, we denote by X = X the corresponding
controlled state process. Whenever

T
(20) E/ {10:6(t, X¢, Px,, o) |* + E[|0,0(t, X¢, Px,, o) (Xy)*] et < +o0,
0

for £ matching b, o or f, and
@1 E{|009(X7, Px,)* + E[|0,9(Xr, Px, ) (X7)?] } < +o00,
we call adjoint processes of X any couple ((Yz)o<t<T, (Zt)o<t<T) Of progressively measurable sto-
chastic processes in H>% x H>%¥™ satisfying the equation (which we call the adjoint equation):
d}/} = _8xH(t7 Xt7 ]P)Xt7 }/ta Zta Oét)dt + thWt
(22) —E[0,H(t, X¢,Px,, Y, Zt, &) (X)) dt
Y = 0:9(X1, Px;) + E[0ug (X1, Px; ) (X7)]
where (X,Y | Z, &) is an independent copy of (X, Y, Z, a) defined on L*(Q, F,P) and E denotes the
expectation on (), F,P).
Notice that E[@uﬁ (t, Xy, Px,, s, Zt, &) (Xy)] is a function of the random variable X as it stands
for E[0, H (t, Xy, Px,,Y:, Zt, &) ()] jz=x, (and similarly for E[0,g(X7, Px,.)(XT)]). Notice also
that, when b, o, f and g do not depend upon the marginal distributions of the controlled state process,

the extra terms appearing in the adjoint equation and its terminal condition disappear and this equation
coincides with the classical adjoint equation of stochastic control.

Using the appropriate interpretation of the symbol ® as explained in Section 2 and extending this
notation to derivatives of the form 9,h(u)(x) ® p = (9u[h(1) ® p])(x), the adjoint equation rewrites

d}/t = - [8xb(t’ Xtv ]PXtv Oét) ®© th + axO'(t, Xt7]P)Xt7at) © Zt + 8If(t’ Xt’ PX“ O[t)]dt
+ ZydWy
- E [aﬂb(t7 Xt7 ]P)Xt?&t)(Xt) © };;f + 8/,1,0—(t7 Xtu PX“ &t>(Xt) © Zt
+ 8,uf(t> Xta ]P)Xta &t)(Xt)] dt?

(23)
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with the terminal condition Y7 = 9,9(X7,Px,) + E[0,9(X7,Px,)(X7)]. Notice that, given an
admissible control @ € A and the corresponding controlled state process X = X¢, despite the
conditions (20-21) and despite the fact that the first part of the equation appears to be linear in the
unknown processes Y; and Z;, existence and uniqueness of a solution (Y, Z) of the adjoint equation
is not provided by standard results on Backward Stochastic Differential Equations (BSDEs) as the
distributions of the solution processes (more precisely their joint distributions with the control and
state processes e and X)) appear in the coefficients of the equation. However, a slight modification of
the original existence and uniqueness result of Pardoux and Peng [13], gives a result perfectly tailored
to our present needs. It is given in Theorem 3.1 p. 3138 of [4]. It gives existence and uniqueness of a
solution (Y, Z) satisfying

T
E[ sup \Y}\Q—i—/ ]Zt\th] < +00.
0<t<T 0

4. PONTRYAGIN PRINCIPLE FOR OPTIMALITY

In this section, we discuss sufficient and necessary conditions for optimality when the Hamiltonian
satisfies appropriate assumptions of convexity. These conditions will be specified next, depending
upon the framework. For the time being, we detail the regularity properties that will be used through-
out the section. Referring to Subsection 3.2 for definitions of joint differentiability, we assume:

(A3) The functions b, o and f are differentiable with respect to (x, «), the mappings (z, u, ) —
(b0, f)(t, x, u, ) and (x, p, &) — On(b, 0, f)(t, x, 1, @) being continuous for any ¢ € [0, T]. The
functions b, o and f are also differentiable with respect to the variable 4 in the sense given above,
the mapping R? x L2(Q;R?Y) x A 5 (z,X,a) = du(b,0, f)(t,2,Px,a)(X) € L2(Q;R>4 x
R(@xm)xd » R4) being continuous for any ¢ € [0, T]. Similarly, the function g is differentiable with
respect to z, the mapping (x, ) — 0.g(x, i) being continuous. The function g is also differentiable
with respect to the variable 1, the mapping R? x L2(;R?) — 0,9(z, Px)(X) € L*(Q;RY) being
continuous.

(A4) The coefficients ((b, o, f)(t,0,d0,0))o<t<7 are uniformly bounded. The partial derivatives
9zb and 9,b are uniformly bounded and the norm of the mapping 2’ — 9,(b,0)(t, z, p, ) (z’)
in L2(R?, ) is also uniformly bounded (i.e. uniformly in (¢, x, 1, «)). There exists a constant L
such that, for any R > 0 and any (¢, z, u, ) such that |z|, [|u]|2, || < R, |0.(f, 9)(t, x, 1, )| and
|00 f(t, , 1, )| are bounded by L(1 + R) and the L?(R%, u)-norm of 2’ — 9,,(f, g)(t, x, u, o) (')
is bounded by L(1 + R). Here, we have used the notation

I3 = [ JoPduta), e Pa(R?,

4.1. A Necessary Condition. We assume that the sets A and A of admissible controls are convex, we
fix @ € A, and as before, we denote by X = X the corresponding controlled state process, namely
the solution of (1) with given initial condition Xg = zg. Our first task is to compute the Gateaux
derivative of the cost functional .J at « in all directions. In order to do so, we choose 8 € H?* such
that o + €8 € A for € > 0 small enough. We then compute the variation of J at « in the direction of
[ (think of (3 as the difference between another element of A and «).
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Letting (0; = (X¢,Px,,at))o<t<r, we define the variation process V' = (V})o<i<7 to be the
solution of the equation

(24) dVi = [y - Vi + 0:(Prx,vny) + me)dt + [ - Vi + (P, viy) + e W2,
with Vy = 0, where the coefficients ¢, 0z, ¢, V¢, St and 7j; are defined as
vt = Oxb(t, ), At = 0z0(t,0¢), me = 0ab(t,0r) - By, and 7y = 0n0(t,0) - B,

which are progressively measurable bounded processes with values in R4<?, R(dxm)xd Rd  anqg
R¥*™ respectively (the parentheses around d x m indicating that 4, - u is seen as an element of R?*™
whenever u € R%), and

t = E[@ub(t, et)(Xt) ) Vt] = E[aub(tv z, Px,, a)(Xi) - Vt]

=9

=Xt
a=at

(25)

INE[(?#J(t, 0,)(X;) - f/t] = fE[aﬂa(t, z,Px,,a)(Xy) - Vt]

Sn

t z=X¢

=t

which are progressively measurable bounded processes with values in R? and R*™ respectively and
where (X, V;) is an independent copy of (X¢,V;). As expectations of functions of (X;,V;) and
(X¢, Vi), 6, and 0; depend upon the joint distribution of X; and V;. In (24) we wrote §;(P(x, v;)) and

5t(IP( Xt%)) in order to stress the dependence upon the joint distribution of X; and V;.Even though we
are dealing with possibly random coefficients, the existence and uniqueness of the variation process
is guaranteed by Proposition 2.1 of [10] applied to the couple (X, V') and the system formed by (1)
and (24). Because of our assumption on the boundedness of the partial derivatives of the coefficients,
V satisfies E supg<;<7 | Vi’ < oo for every finite p > 1.

Lemma 4.1. For each ¢ > 0 small enough, we denote by of the admissible control defined by
of = ay + €B, and by X = X the corresponding controlled state. We have:

Xf—X 2
(26) limE sup A =0.
N0 o<t<T €

-V

Proof. For the purpose of this proof we set 0f = (Xf, Px¢, af) and V = e 1 (Xf — X;) — V;. Notice
that Vi = 0 and that

v
1 . N o
= L [b(t,05) — b(t,0;)] — Ozb(t,0;) - Vi — Dab(t, 6r) - By — E[0,:b(t, 0;)(Xe) - Vt]] dt
27) 1 3 o
+ |:€ [O’(t, 9;) - O'(t, 9,5)] - 8350(75, Qt) ' V;j - 8a0(t, Qt) . /Bt - E[@uo(t, Ht)(Xt) . %]:| th
= Voldt + VoRdw,.
Now for each ¢ € [0, 7] and each € > 0, we have:
1 1 1
= [b(£,07) — b(t,0:)] = / 0:b(t,0,) - (VIS + Vi)dA +/ Dab(t,6;) - Brd)
€ 0 0

1 ~ ~ ~ ~
+ / E[8,b(t,6,°) (X;*) - (VE + Vi) ] d),
0
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where, in order to simplify a little bit the notation, we have set Xt)‘ = Xp + Ae(ViE+ V), a;\ “ =

oy + AeBy and 0,7 = (X, P ;). Computing the ‘dt’-term, we get:

XM
Vol = /0 1 Bub(t,0,°°) - ViEdA + /0 1 E[8,b(t,0,°) (X)) - V] dx
+ /0 1 [0:0(t,0,°) — 0,b(t, 6;)] - Vid\ + /0 1 [8ab(t,6,°) — Dub(t,6:)] - BedA
b [ B0 (.02 ()~ 9,00,00() - T
= /0 1 Byb(t,0™) - ViEdA + /0 g [8,b(t, 0,7) (X)) - VEJdA + I + I + 1P

The three last terms of the above right hand side are bounded in L?([0, 7] x§2), uniformly in €. Indeed,
the Lipschitz regularity of b implies that 0,0 and 0,0 are bounded and that 0,,b(t, z, Px, a))(X) is
bounded in L2(Q; RY), uniformly in (¢, 7, a) € [0,T] x R? x A and X € L?(Q, R%). Next, we treat
the diffusion part Vf’z in the same way using Jensen’s inequality and Burkholder-Davis-Gundy’s
inequality to control the quadratic variation of the stochastic integrals. Consequently, going back to
(27), we see that, for any S € [0, T,

S
E sup |Vi|? §c+c/ E sup |V<|2dt,
0<t<S 0 0<s<t

where as usual ¢ > 0 is a generic constant which can change from line to line. Applying Gronwall’s
inequality, we deduce that E supy<;<p |V,€|? < c. Therefore, we have

limE[ sup sup ‘X;’A —Xtm =0.
N T0<A<1 0<t<T

We then prove that 1€, I3 and I3 converge to 0 in L?([0,T] x ) as € N\, 0. Indeed,

T T
E/ 102t = IE/
0 0

T 1
B[ [ 10:b(t.0)) - 0sble, 00 PIViPana,
0 0

1 2
/ [0:b(t,0,°) — D.b(L, 0,)]VidA| dt
0

IN

Since the function 0,0 is bounded and continuous in x, 1 and «, the above right-hand side converges
to 0 as e \, 0. A similar argument applies to I and I*®. Again, we treat the diffusion part V;>
in the same way using Jensen’s inequality and Burkholder-Davis-Gundy’s inequality. Consequently,
going back to (27), we finally see that

T
E sup |VS|2dt < c/ E sup |VE|2dt + .
0<t<T 0 0<s<t

where lim\ o 6. = 0. Finally, we get the desired result applying Gronwall’s inequality. 0

We now compute the Gateaux derivative of the objective function.
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Lemma 4.2. The function o — J(«) is Gdteaux differentiable and its derivative in the direction 3 is
given by:

T
%J(a +eB)] Ly =E /0 (02 £ (£ 01) - Vi + EL0,f (£, 00) (X0) - Vil + O f (£,00) - ]

+E[0,9(X1,Px,) - Vo + E[0,9(X1, Px, ) (X7) - Vr]].

(28)

Proof. We use freely the notation introduced in the proof of the previous lemma.

T
iJ(a +eB)|,_, = lim IE/O [f(t,65) — f(t,0,)]dt

(29) de e\0 € )
+lim ~E[g(X, Pxs) — 9(X1, Px, )]
e\0 €
Computing the two limits separately we get
1 T
lim —E t,05) —
lizm. - /0 [f(t.05) — f(t,0,)]dt
1 T 1 d A
= lim ~E — f(t,0,°%)d\dt
N0 € /0 /0 FYCARKAR

T 1
~tmE [ [ o) 0+ Vi
FE[DLf (8,0)(X) ) - (VE+ V)] + Oaf(t,6,) - 5] dAdt

= E/T [8If(ta 015) . Vt + E[ayf(tv Gt)(Xt) ' ‘Zﬁ] + 8af(t7 Qt) : 61&] dt
0

using the hypothesis on the continuity and growth of the derivatives of f, the uniform convergence
proven in the previous lemma and Lebesgue’s dominated convergence theorem. The second term in
(29) is tackled in a similar way. g

Observing that the conditions (20-21) are satisfied under (A1-4), the duality relationship is given by:

Lemma 4.3. Given (Y;, Z;)o<i<T as in Definition 3.5, it holds:

T
ElYr - Vy] = E/O (Vs - (0ab(t,0;) - Br) + Zy - (Oao(t,6:) - By)

(30) — Ouf(t,00) - Vi —E[0,f (L, 0:)(Xy) - Vi]] dt.
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Proof. Letting ©; = (X3, Px,,Y:, Zt, ;) and using the definitions (24) of the variation process V,
and (22) or (23) of the adjoint process Y, integration by parts gives:

T T T
YT-VT:YO'VO‘F/ Yt-th+/ dYZ'Vt-l-/ dly,Vl],
0 0 0

T ~ ~ ~
= Mr + / [Yt (02b(t,6) - Vi) + Yy - E[0,b(¢, 0¢)(Xe) - Vi + Yy - (Bab(t, 0) - Br)
0

— 0, H(t,0) - Vs —E[0,H(t,0:)(Xy) - Vi]

+ Zy - (&Ea(t, Gt) . W) + Zy - ]E[@ua(t, Ht)(Xt) . f/ﬂ + Z; - (ﬁaa(t, 915) . ﬁt) dt,
where (M})o<t<7 is a mean zero integrable martingale. By taking expectations on both sides and
applying Fubini’s theorem:

EE [0, H (t,0:)(X;) - V]
= EE[0,H(t,0)(Xy) - Vi]
=EE[(9,b(t, 0)(Xy) - Vi) - Yy + (040 (¢, 00)(Xy) - Vi) - Ze + 0 f (£, 00)(Xy) - Vi)
By commutativity of the inner product, cancellations occur and we get the desired equality (30). [
By putting together the duality relation (30) and (28) we get:

Corollary 4.4. The Gdteaux derivative of J at «v in the direction of B can be written as:

d T
(31) %J(a + Eﬂ)‘gzo =E |:/ 8aH(t7Xt7]P)Xt7Y;fvat) ) Bt dt
0

Proof. Using Fubini’s theorem, the second expectation appearing in the expression (28) of the Gateaux
derivative of J given in Lemma 4.2 can be rewritten as:

E[0:9(X1,Px;) - Vi + E(0u9(X1, Px, ) (X7) - V)]
= E[0.9(X1,Px,) - V| + EE[0,9(Xr,Pg ) (X7) - V7]
= E[Yr - V7],
and using the expression derived in Lemma 4.3 for E[Y7 - V| in (28) gives the desired result. g

The main result of this subsection is the following theorem.

Theorem 4.5. Under the above assumptions, if we assume further that the Hamiltonian H is convex
in a, the admissible control o € A is optimal, X is the associated (optimally) controlled state, and
(Y, Z) are the associated adjoint processes solving the adjoint equation (22), then we have:

(32) Vae A, H(t,X.,Y:, Zy, o) < H(t, Xy, Yy, Zt, @) ae.int€[0,T], P—a.s.

Proof. Since A is convex, given 3 € A we can choose the perturbation af = oy + €(8; — ay) which
is still in A for 0 < e < 1. Since « is optimal, we have the inequality

d T
Lot e(p 0],y = IE/ OuH (, X0, Vi, Zo,on) - (Br — o) > 0.
0
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By convexity of the Hamiltonian with respect to the control variable « € A, we conclude that
T
B [ H(t X0 Ve Z0,60) — HU6 X0, Vi Zry )t 2 0,
0

for all 5. Now, if for a given (deterministic) & € A we choose (3 in the following way,

{a if (t,w) € C

at(w)  otherwise

Br(w) =

for an arbitrary progressively-measurable set C' C [0,7] x Q (thatis C' N [0,¢] € B([0,t]) ® F; for
any t € [0,77), we see that

T
E/ 10[H(t, Xt,yz, Zt,a) — H(t,Xt,Y;g,Zt,Oét)]dt Z 0,
0

from which we conclude that
H(t,X.,Y:, Zy, ) — H(t, X4, Y2, Zy, o) >0 dt @ dP a.e. ,
which is the desired conclusion. O

4.2. A Sufficient Condition. The necessary condition for optimality identified in the previous sub-
section can be turned into a sufficient condition for optimality under some technical assumptions.

Theorem 4.6. Under the same assumptions of regularity on the coefficients as before, let o € A
be an admissible control, X = X the corresponding controlled state process, and (Y, Z) adjoint
processes. Let us also assume that for each t € [0,T]

(1) R x Po(RY) 3 (x, i) — g(x, i) is convex;
(2) R x Py(RY) x A > (2, p, ) v H(t,x, 1, Yy, Zt, ) is convex dt @ dP almost everywhere.

Moreover, if

(33) H(t, Xy, Px,, Y1, Zy,o4) = ingH(t,Xt,PXt,E, Zy, ), dt®dPa.e.
ae
then o is an optimal control, i.e. J(a) = infycp J(&).

Proof. Let o/ € A be a generic admissible control, and X’ = X the corresponding controlled
state. By definition of the objective function of the control problem we have:

T
7(@) = J(e!) = Elg(Xr.Pxy) ~ a(XpBx)] +E [ [7(0.00 = £t 0]
T
(34) = E[o(Xr.Px,) = o(Xp.Px)] +E | [H(t.00) = 1. 0))]at

T
—E / {[b(t,6:) = b(t,0,)] - Yi + [o(t,6:) — o(1,6,)] - Zi }dt
0

by definition of the Hamiltonian, where 6, = (X, Px,,a;) and ©; = (X;,Px,,Y:, Z;, ) (and
similarly for 6; and ©}). The function g being convex, we have

g(w, 1) — g(a', 1) < (& — 2') - Opg(a) + E[ug(z, p)(X) - (X — X)),
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so that
Elg(XT,Px;) — 9(X7, Px2 )]
<E[0,9(X7,Px,) - (X1 — X}) + E[0,9(X7, Px, ) (X7) - (X7 — X5)]]

35 a - -
O B0 Pxy) + B0, P (X)) - (X7 — X

=E[Yr- (Xr — X})] = E[(Xr — X}) - Y7,

where we used Fubini’s theorem and the fact that the ‘tilde random variables’ are independent copies
of the ‘non-tilde variables’. Using the adjoint equation and taking the expectation, we get:

E[(Xr — X7) - Y7

= E[/T(Xt - X;)-dY; + /TYt d[Xy — X[+ /T[U(t,ﬁt) —o(t,0})] - Zydt
0 0 ;

=-F /T [0, H(t,0,) - (X; — X;) + E[0,H(t,0,)(Xy)] - (X; — X)) dt
0

T
+ ]E/ “b(tv et) - b(ta 92)] Y+ [O'(t, et) - U(tv 0;&)] ’ Zt] dt,
0

where we used integration by parts and the fact that Y; solves the adjoint equation. Using Fubini’s
theorem and the fact that ©; is an independent copy of ©;, the expectation of the second term in the
second line can be rewritten as

T B . [T . ~ ~

B [ {E[0.H(6,6)(X)] - (X~ X))}t = BB [ {[0,H(6,0)()- (% - X))}

36 0 T

_E / E[0,H(t,0)(Xy) - (X, — X})]dt.
0

Consequently, by (34), (35) and (36), we obtain

T
Ja) = J(a') < [ [H(t60) - H(c. )i
0
©7 E / {0 (1,00) - (X, — X)) + B0,H (1, 60(X,) - (X, — X)) bt
0
<0

because of the convexity assumption on H, see in particular (13), and because of the criticality of the
admissible control (a:)o<¢<7, see (33), which says the first order derivative in «v vanishes. O

4.3. Special Cases. We consider a set of particular cases which already appeared in the literature,
and we provide the special forms of the Pontryagin maximum principle which apply in these cases.
We discuss only sufficient conditions for optimality for the sake of definiteness. The corresponding
necessary conditions can easily be derived from the results of Subsection 4.1.
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Scalar Interactions. In this subsection we show how the model handled in [2] appears as a specific
example of our more general formulation. We consider scalar interactions for which the dependence
upon the probability measure of the coefficients of the dynamics of the state and the cost functions is
through functions of scalar moments of the measure. More specifically, we assume that:

b(ta T, W, Ck) = B(ta Zz, <1/J,,U,>, Oé) U(t73«"7/%04) - &(t,.’L', <¢7 M>a Oé)

f(t,$,#,0() :f(t,l', <’7>M>aa) g(:U,M):g(SL', <C,/L>)

for some scalar functions v, ¢, v and ¢ with at most quadratic growth at oo, and functions b, & and f
defined on [0, 7] x R% x R x A with values in R?, R?*" and R respectively, and a real valued function
g defined on R? x R. We use the bracket notation (h, 11) to denote the integral of the function h with

respect to the measure p. The functions b, &, f and g are similar to the functions b, o, f and g with
the variable p, which was a measure, replaced by a numeric variable, say r. Reserving the notation
H for the Hamiltonian we defined above, we have:

H<t’x7/~57 y,z,a) = l;(t,x, <1/}7,u>70‘) Y+ 6(757*737 <¢7N>aa) “Z A+ f(tvxv <77 M>)O‘)‘

We then proceed to derive the particular form taken by the adjoint equation in the present situation.
We start with the terminal condition as it is easier to identify. According to (22), it reads:

Y = 0,9(Xr,Px,) + E[0,9(X1,Pg )(X7)].

Since the terminal cost is of the form g(z, u) = §(z, (¢, 1)), given our definition of differentiability
with respect to the variable y, we know, as a generalization of (6), that d,,g(x, 1) ( - ) reads

Dug(a, w)(a) = 0,9 (x, (G, ) IC(a'), o' € R
Therefore, the terminal condition Y7 can be rewritten as
Yr = 0:9(Xr, E[((X7)]) + E[0:9( X7, E[{(X7)])] ¢ (X7)

which is exactly the terminal condition used in [2] once we remark that the ‘tildes’ can be removed

since X7 has the same distribution as Xp. Within this framework, convexity in p is quite easy to

check. Here is a typical example borrowed from [2]: if g and § do not depend on z, then the function

Pa(RY) 3y g(p) = G({C, ) is convex if ¢ is convex and § is non-decreasing and convex.
Similarly, 9, H (t, =, 1, y, z, @) can be identified to the R%-valued function defined by

OuH (1,3, 1.y, 2,0) (2') = [0,b(t, 2, (v, ), @) © Y] O (o) + [016(t, 2, (6, 1), 0) © 2] 0(a)
+ 0, f(t,x, (v, 1), @) Dy(a')
and the dynamic part of the adjoint equation (22) rewrites:
dY; = —{@ci?(t, X, E[(Xy)], o) © Yy + 0.0 (¢, Xo, E[p(Xy)], o) © Zy
+ 0, f(t, Xe, E[y(X2)], ay) pdt + ZydWy
—{E[0:b(t, X0, El (X)), 60) © Vo] 00(Xe) + E[0,5 (¢, Xp E[6(X0)], &) © Z4] 0(X1)
+E[0, f((t, X¢, E[(Xy)], 64)] 97(Xe) Ft,

which again, is exactly the adjoint equation used in [2] once we remove the ‘tildes’.
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Remark 4.7. The mean variance portfolio optimization example discussed in [2] and the solution
proposed in [3] and [8] of the optimal control of linear-quadratic (LQ) McKean-Vlasov dynamics are
based on the general form of the Pontryagin principle proven in this section as applied to the scalar
interactions considered in this subsection.

First Order Interactions. In the case of first order interactions, the dependence upon the probability
measure is linear in the sense that the coefficients b, o, f and g are given in the form

b(t,z, u, ) = (b(t,x, -, ), 1) o(t,z,u,a) = (6(t,z, -, ), )

f(t,x,,u,oz) = <f(tv$’ "a)a:u> g(x,,u) = <Q(SL‘, ')7:u>

for some functions b, & and f defined on [0,7] x R? x R? x A with values in R%, R%™ and
R respectively, and a real valued function § defined on R? x R? The form of this dependence
comes from the original derivation of the McKean-Vlasov equation as limit of the dynamics of a large
system of particles evolving according to a system of stochastic differential equations with mean field
interactions of the form

38) dX;| 1N13Xind L, X{, X))aw}, i=1,--- N, 0<t<T

( ) t_N; (ta to t) t+N;U(t7 ts t) iy =Ly IV, <t<T,

where W¥’s are N independent standard Wiener processes in R?. In the present situation the linearity
in p implies that 9,g(z, p)(2") = 0 §(x, 2’) and similarly
O H(t, x, p,y, 2, a)(z') = (993/[;(25, r, 7 0) Oy + 0po(t,r, 2, ) ®z+ Gx/f(t, x, 7 ),
and the dynamic part of the adjoint equation (22) rewrites:
d}/t — _]E [ax-ﬁ(tv Xta Xta th? Ztv Oét) + ax’ﬁ(t) Xta Xta ?h Zt7 dt)] dt + thWta
if we use the obvious notation
f[(t,x,x’,y, z,a) = l;(t, v, 7' a) y+o(t,z, 2 a) 2+ f(t, r, 7', ),
and the terminal condition is given by

Y = E[0,9(X7, X1) + 00 §(X7, X1)].

5. SOLVABILITY OF FORWARD-BACKWARD SYSTEMS

We now turn to the application of the stochastic maximum principle to the solution of the optimal
control of McKean-Vlasov dynamics. The strategy is to identify a minimizer of the Hamiltonian, and
to use it in the forward dynamics and the adjoint equation. This creates a coupling between these
equations, leading to the study of an FBSDE of mean field type. As explained in the introduction,
the existence results proven in [7] and [6] do not cover some of the solvable models (such as the LQ
models). Here we establish existence and uniqueness by taking advantage of the specific structure of
the equation, inherited from the underlying optimization problem. Assuming that the terminal cost
and the Hamiltonian satisfy the same convexity assumptions as in the statement of Theorem 4.6, we
indeed prove that unique solvability holds by applying the continuation method, originally exposed
within the framework of FBSDE:s in [14]. Some of the results of this section were announced in the
note [8].
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5.1. Technical Assumptions. We now formulate the assumptions we shall use from now on. These
assumptions subsume the assumptions (A1-4) introduced in Sections 2 and 4. As it is most often
the case in applications of Pontryagin’s stochastic maximum principle, we choose A = R* and we
consider a linear model for the forward dynamics of the state.

(B1) The drift b and the volatility ¢ are linear in y, « and «. They read
b(t, @, p, o) = bo(t) + bi(t)n + ba(t)z + bs(t)c,
o(t,z,p, ) = oo(t) + o1(t) i+ o2(t)z + o3(t)a,
for some bounded measurable deterministic functions by, by, bs and b3 with values in R%, R4*d Rdxd
and R™* and 09, o1, 02 and o3 with values in RP*™, R(xm)xd Rdxm)xd ang Rdxm)xk (the
parentheses around d x m indicating that o;(¢)u; is seen as an element of R4*™ whenever u; € RY,

withi = 1,2, or u; € R¥, with i = 3), and where we use the notation /i = [ x du(z) for the mean of
a measure .

(B2) The functions f and g satisfy the same assumptions as in (A.3-4) in Section 4 (with respect
to some constant L). In particular, there exists a constant L such that

‘f(tvxlvulva,) - f(t,.iU,M,OK)‘ + ‘g(xlvﬂ',) - g(x,u)‘
S LU+ o) + | + o] + o] + [lellz + 11/ ll2] [[(2, o) = (2, @)| + Wa(u', )]

(B3) For any ¢ € [0, T, the derivatives of f and g are Lipschitz-continuous with respect to (x, u, c)
and (z, uu) respectively, the Lipschitz property with respect to p being understood in the sense of the
2-Wasserstein distance.

(B4) The function f is convex with respect to (x, u1, ) for t fixed in such a way that, for some
A >0,

f(ta .f,, Mlva/) - f(t,.’B, My a)
— Oy f(t, 2z, ) - (2" — z,0/ — ) —E[0,f(t, z, 1, ) (X) - (X' — X)]
> Ao — al?,

whenever X, X' € LQ(Q, A, P; R?) with distributions . and 4’ respectively. The function g is also
assumed to be convex in (x, ;1) (on the same model, but with A = 0).

We refer to Subsection 3.2 for a precise discussion about (B3) and (B4).
5.2. The Hamiltonian and the Adjoint Equations. The drift and the volatility being linear, the
Hamiltonian has the form
H(t, @, p,y,z,a) = [bo(t) + bi(t) + ba(t)z + bs(t)e] - y
+ [o0(t) + o1 ()i + o2 (t)x + o3(t)e] - 2 + f(t, 2, p, ),
fort € [0,T), 2,y € R%, z € RX™, 1 € Po(RY) and o € R*. Given (¢, z, u, y, 2) € [0,T] x R x

Pa(R%) x RY x R*™ the function R > o+ H (t,x, 1, y, 2, @) is strictly convex so that there exists
a unique minimizer &(t, z, u, y, 2):

(39 a(t,x, p,y, z) = argming,cre H (t, z, 11, y, 2, o).
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Assumptions (B1-4) above being slightly stronger than the assumptions used in [7], we can follow
the arguments given in the proof of Lemma 2.1 of [7] in order to prove that, for all (¢, z, u,y,2) €
[0, T] xRY x Py (RY) x RY x R¥X™  the function [0, T x R x Pa(RY) x RIx RIX™ 5 (t, 2, p, y, 2)
a(t, x, u,y, z) is measurable, locally bounded and Lipschitz-continuous with respect to (z, i, y, 2),
uniformly in ¢ € [0, T'], the Lipschitz constant depending only upon A, the supremum norms of b3 and
o3 and the Lipschitz constant of 0, f in (z, ). Except maybe for the Lipschitz property with respect
to the measure argument, these facts were explicitly proved in [7]. The regularity of & with respect
to u follows from the following remark. If (¢, z,v, z) € [0,T] x R? x R? x R¥™ is fixed and p, 1/’
are generic elements in Po(R?), & and &’ denoting the associated minimizers, we deduce from the
convexity assumption (B4):

2Ma@" — af* < ( ) [Oaf(t, @, 11, 8") — Oaf (t,x, 11, &)]
= (& —a)- [&lH(t Ty s Y,y 2, é/) - 8aH(t,m,,u,y,z,dﬂ
(& —a&)- [8 H(tazuy,z a) 8aH(t,x,//,y,z,&')]
= (& —a)- [0af(t, x, i, d’) - 8af(t, x, 1, 6/)]
< Cld' = a| Wa(i!, p),
the passage from the second to the third following from the identity
OuH(t,z,1,y,2,&) = O H(t,z, 1y, 2,8") = 0.

For each admissible control o = (a¢)o<¢<7. if we denote the corresponding solution of the state
equation by X = (X{*)o<¢<7, then the adjoint BSDE (22) introduced in Definition 3.5 reads:

Yy = —0pf (t, X4, Px,, o) dt — bl(8)Yedt — o (t) Zydt + Z,dW;
—E[0.f (8, X1, Px,, &) (X0)]dt — bl ()E[Y] — o] ()E[Z,]dt.

Given the necessary and sufficient conditions proven in the previous section, our goal is to use the con-
trol (64 )o<t<7 defined by é&; = a(t, Xy, Px,, Y:, Z;) where ¢ is the minimizer function constructed
above and the process (X¢, Y:, Z;)o<t<7 is a solution of the FBSDE

=[b ( )+ bi(OE[X¢] 4 ba(t) Xy + b3(t) (L, Xy, Px,, Yz, Zt)| dt
[ ) + o1 (HE[Xy] + 09 (t) X¢ + o3(t)alt, Xt,IP’Xt,Yt,Zt)]th,
dY, [a Ft, X4, Px,, a(t, Xi, Px,, Yi, Zt)) + by (1) Y: + ob(t )Zt]dt+thWt

- {E[auf(t)XtaPXt?d(taXhPXt?ﬁv Zt))(Xt)] + 51( tE[Y:] + 01 E(Z] }dt,

with the initial condition X = x, for a given deterministic point zp € R, and the terminal condition
Yr = 0,9(X1,Px;) + E[0ug9(X7, Px, ) (X7)].

5.3. Main Result. Here is the main existence and uniqueness result:

(40)

(41)

(42)

Theorem 5.1. Under (B1-4), the forward-backward system (42) is uniquely solvable.

Proof. The proof is an adaptation of the continuation method used in [14] to handle standard FBSDEs
satisfying appropriate monotonicity conditions. Generally speaking, it consists in proving that exis-
tence and uniqueness are kept preserved when the coefficients in (42) are slightly perturbed. Starting
from an initial case for which existence and uniqueness are known to hold, we then establish Theorem
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5.1 by modifying iteratively the coefficients so that (42) is eventually shown to belong to the class of
uniquely solvable systems.

A natural and simple strategy then consists in modifying the coefficients in a linear way. Unfortu-
nately, this might generate heavy notations. For that reason, we use the following conventions.

First, as in Subsection 4.1, the notation (©;)o<;<7 stands for the generic notation for denoting a
process of the form (X, Px,, Yy, Zt, au)o<i<r With values in R? x Py (R%) x R? x R¥>*™ x Rk, We
will then denote by S the space of processes (O )<< such that (X, Yz, Zt, ou)o<i<7 is (Ft)o<t<T
progressively-measurable, (X;)o<;<7 and (Y;)o<¢<7 have continuous trajectories, and

1/2

T
(43) 10lls =E| sup [1X:* + ¥:I?] + / 122 + Juf?]dt| < +oo.
0

sup
0<t<T
Similarly, the notation (6;)o<¢<7 is the generic notation for denoting a process (X, Px,, ot )o<t<T
with values in R? x Po(R?) x R¥. All the processes (6;)o<;<7 that are considered below appear as
the restrictions of an extended process (©¢)o<t<T € S.

Moreover, we call an initial condition for (42) a square-integrable Fp-measurable random variable
¢ with values in RY, that is an element of L?(12, F, P; R?). Recall indeed that F can be chosen as a
o-algebra independent of (W})o<¢<7. In comparison with the statement of Theorem 5.1, this permits
to generalize the case when £ is deterministic.

Finally, we call an input for (42) a four-tuple Z = ((Z},Z¢, I} Yo<t<, %), (Z")o<t<7> (Z7)o<i<T
and (Z/ )Jo<t<T being three square integrable progressively-measurable processes with values in R,
R4*™ and R respectively, and 79 denoting a square-integrable Fp-measurable random variable with
values in R?. Such an input is specifically designed to be injected into the dynamics of (42), Z® being
plugged into the drift of the forward equation, Z% into the volatility of the forward equation, Z
into the bounded variation term of the backward equation and 79 into the terminal condition of the
backward equation. The space of inputs is denoted by I. It is endowed with the norm:

T 1/2
(44) [Fall =E[II§’~I2+/ (207 + |27 P + |12/ )t
0

We then put:
Definition 5.2. For any vy € [0,1], any € € L*(Q, Fo,P; R?) and any input T € 1, the FBSDE
dX; = (yb(t, 0,) + I0)dt + (yo(t,0;) + I7 ) dWy,
dY; = —(v{0:H(t,0;) + E[0,H(t,0,)(Xy)]} + Z])dt + Z,dW,, te[0,T),

with the optimality condition

(46) oy = a(tXtaPXtuYVt)Zt)u te [OuT}v

(45)

and with Xo = & as initial condition and

Yr = v{0:9(X1,Px,) + E[0.9(X7,Px, ) (X7)]} + Z4

as terminal condition, is referred to as (v, &, T).
Whenever (Xy, Yy, Zy)o<i<t is a solution, the full process (X, Px,,Y:, Zt, o )o<i<r is referred to
as the associated extended solution.
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Remark 5.3. The way the coupling is summarized between the forward and backward equations in
(45) is a bit different from the way Equation (42) is written. In the formulation used in the statement of
Lemma 5.2, the coupling between the forward and the backward equations follows from the optimality
condition (46). Because of that optimality condition, the two formulations are equivalent: When
v =1andZ = 0, the pair (45-46) coincides with (42).

The following lemma is proved in the next subsection:

Lemma 5.4. Given v € (0, 1], we say the property (S.) holds true if, for any ¢ € L*(Q, Fo,P; R?)
and any T € 1, the FBSDE £(~,£,Z) has a unique extended solution in S. With this definition,
there exists 69 > 0 such that, if (S,) holds true for some v € [0,1), then (Sy4y) holds true for any
n € (0, o] satisfying v +n < 1.

Given Lemma 5.4, Theorem 5.1 follows from a straightforward induction as (Sp) obviously holds
true. 4

5.4. Proof of Lemma5.4. The proof follows from Picard’s contraction theorem. As in the statement,
consider indeed 7y such that (S,) holds true. Forn > 0, £ € L*(Q, Fo,P;R?) and Z € 1, we then
define a mapping ® from S into itself whose fixed points coincide with the solutions of £(y+n, &, 7).

The definition of ® is as follows. Given a process © € S, we denote by ©’ the extended solution
of the FBSDE &(v, £, Z') with

)" = nb(t, 0;) + 17,

I = no(t,6) + 7,

Ith =00, H(t,0,) +nE [(%H(t, ét)(Xt)] + Itf>

I3 = n0ag(Xr,Pxy) + 1E[0,9(Xr, Px, ) (X1)] + IF.

By assumption, it is uniquely defined and it belongs to S, so that the mapping ® : © — ©’ maps S
into itself. It is then clear that a process © € S is a fixed point of ® if and only if O is an extended
solution of £(y + 1, &, Z). The point is thus to prove that ® is a contraction when 7 is small enough.
This is a consequence of the following lemma:

Lemma 5.5. Lety € [0, 1] such that (S,) holds true. Then, there exists a constant C, independent of
v, such that, for any &,£' € L*(Q, Fo,P;R?) and T, T’ € 1, the respective extended solutions © and
O of £(v,&,T) and E(v,&', T') satisfy:

1 —e'|ls < (B[l - ¢?]

+1Z = Z'[ln).

Given Lemma 5.5, we indeed check that ® is a contraction when 7 is small enough. Given ©' and
©? two processes in S and denoting by ©"! and ©’2 their respective images by ®, we deduce from
Lemma 5.5 that

H@/,l _ @/,2 S S Cn”@l _ G)ZHS7

which is enough to conclude.
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5.5. Proof of Lemma 5.5. The strategy follows from a mere variation on the proof of the classical
stochastic maximum principle. With the same notations as in the statement and with the classical
convention for expanding © as (X, Px,, Y, Z¢, a)o<t<7 and for letting (6; = (X¢, Px,, ou))o<t<T,
we then compute

E[(X] — X7) - Y7] =E[(£ —€) - Y]

— W{E /T [0:H(t,0¢) - (X] — Xy) + E[0,H(t,0¢)(Xy)] - (X] — X¢)]dt
OT
—E / [[b(t, 67) — b(t, 6,)] - Yy + [0(t,67) — o (t,6,)] - Zt]dt}
0

- {E/OT[(Xg - X)) T+ (@ -1 v+ (T 1)) Zt]dt}
=Tp — Ty — To.
Moreover, following (35),
E[(X7 — X1) - Yr] = vE[(9:9(X1,Px;) + E[0,9(X7, Px, ) (X7)]) - (X7 — X7)]
+E[(Z} - T7) - Y1
<AE[9(XF, Pxy) — 9(X1, Px,)] + E[(ZF - Z§) - V1.

Identifying the two expressions right above and then repeating the proof of Theorem 4.6, we obtain
T
47) vJ (') —vJ(a) > yAE / lay — o Pdt + Ty — To + E[(Z — Z%) - Yr|.
0

Now, we can reverse the roles of « and o’ in (47). Denoting by T}, and T}, the corresponding terms in
the inequality and then making the sum of both inequalities, we deduce that:

T
QVAE/ oy — oyPdt + Ty + T — (To + T4) + E[(T% — T&") - (Yr — Y7)] < 0.
0

The sum 75 + T reads

Tr + T,
T / b./ !/
:E/O [~ —Z])- (X~ XD+ (@ - T (i~ V) + (Z7 —I7) - (Z — Z)))dt.
Similarly,
To+T5=-E[E—¢) (Yo —Yy)].

Therefore, using Young’s inequality, there exists a constant C' (the value of which may increase from
line to line), C being independent of ~, such that, for any € > 0,

T
C
(48) B [ las - aiffdt < <o - O3 + B[ - €] + 12 - T'1P)
0

3
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Now, we observe by standard estimates for BSDEs that there exists a constant C', independent of +,
such that

T
IE[ sup |V — Y{)? +/ |Z, — Z,§|2dt]
(49) 0<t<T 0

T
sc%ﬁswrxrnw2+/r%—amﬁ]+au—fm.
0<t<T 0

Similarly,
T
(50) E[ sup |X;— X;|*] <E[|€ - €] + C’yE/ lay — aj|?dt + C|| T — 7|12
0<t<T 0
From (49) and (50) and then from (48), we deduce that

T
E%w|x—xﬁ+sw|n—WP+/ra—zﬁﬂ
0<t<T 0

0<t<T
T
6D <CoE [ o - ajfdt+ C(E[lE - ] + 1T~ T'IR)
0
C
< Celle - O3 + Z ([l - €] + 1T - T'IR).
Using the Lispchitz property of &(t, -, -, -, -) and then choosing ¢ small enough, we complete the proof.

5.6. Decoupling Field. The notion of decoupling field, also referred to as ‘FBSDE value function’,
plays a main role in the machinery of forward-backward equations, since it permits to represent the
value Y; of the backward process at time ¢ as a function of the value X; of the forward process at
time ¢. When the coefficients of the forward-backward equation are random, the decoupling field is a
random field. When the coefficients are deterministic, the decoupling field is a deterministic function,
which solves some corresponding partial differential equation. Here is the structure of the decoupling
field in the McKean-Vlasov framework:

Lemma 5.6. Foranyt € [0,T] and any ¢ € L?(Q, F;, P; RY), there exists a unique solution, denoted
by (Xﬁ’f7 Ygt’f, Zﬁ’f)tgsgjp, of (42) when set on [t, T] with Xf’g = £ as initial condition.

In this framework, for any p € Po(R?), there exists a measurable mapping u(t,-, 1) : R 5 x —
u(t,x, p) such that

(52) PV = u(t, &,Pe)) = 1.
Moreover, there exists a constant C, only depending on the parameters in (B1-4), such that, for any
t € [0,T] and any €', €2 € L*(Q, F;, P;RY),
(53) Eflu(t,€",Par) — u(t, €, Pe2)”] < CE[l€! — €]
The proof is given right below. For the moment, we notice that the additional variable P¢ is for

free in the above writing since we could set v(¢,-) = u(t,-,P¢) and then have Yf’g = v(t,§). The
additional variable P¢ is specified to emphasize the non-Markovian nature of the equation over the
state space R%: starting from two different initial conditions, the decoupling fields might not be
the same, since the law of the initial conditions might be different. Keep indeed in mind that, in
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the Markovian framework, the decoupling field is the same for all possible initial conditions, thus
yielding the connection with partial differential equations. Here the Markov property holds, but over
the enlarged space R? x Py (R?), thus justifying the use of the extra variable [P¢. Nevertheless, we
often forget to specify the dependence upon [P¢ in the sequel of the paper.

An important fact is that the representation formula (52) can be extended to the whole path:

Proposition 5.7. Under (B1-4), for any ¢ € L*(Q, Fo,IP;R?), there exists a measurable mapping
v:[0,T] x R — R? such that

P(Vt € [0,T], Y2 = v(t, X2¢)) = 1.

It satisfies supg<;<r |v(t,0)| < +00. Moreover, there exists a constant C' such that v(t,-) is C-
Lipschitz continuous for any t € [0,T).

We start with

Proof of Lemma 5.6. Given t € [0,T) and ¢ € L*(Q, F;,P; R?), existence and uniqueness to (42)
when set on [¢, 7| with £ as initial condition is a direct consequence of Theorem 5.1 (or, more pre-
cisely, of the proof of it since we are handling a random initial condition). Using as underlying
filtration the augmented filtration F! generated by ¢ and by (Ws — Wi)i<s<r, we deduce that Ytt’g
coincides a.s. with a (¢)-measurable R%-valued random variable. In particular, there exists a mea-
surable function u¢(t, -) : RY — R< such that JP’(Ytt’é =ue(t,§)) = 1.

We now claim that the law of (&, Yf’g) only depends upon the law of £. This directly follows from
the version of the Yamada-Watanabe theorem for FBSDEs, see [9]: Since uniqueness holds pathwise,
it also holds in law so that, given two initial conditions with the same law, the solutions also have
the same laws. Therefore, given another R%-valued random vector & with the same law as &, it holds
(& ug(t,€)) ~ (&, ue(t,¢)). In particular, for any measurable function v : R? — RY, the random
variables ug (¢, &) — v(€) and ug (¢, &) — v(£) have the same law. Choosing v = ug(t, -), we deduce
that ug (¢, -) and ug(t, -) are a.e. equal under the probability measure P¢. Put it differently, denoting
by  the law of &, there exists an element u(t, -, ) € L*(R?, u) such that ug (%, -) and ug (¢, -) coincide
wa.e. with u(t, -, ). Identifying u(¢, -, 1) with one of its version, this proves that

P(Y* = u(t,& 1)) = 1.

When ¢ > 0, we notice that, for any u € Po (]Rd), there exists an F;-measurable random variable £
such that ;1 = PP¢. In such a case, the procedure we just described permits to define u(t, -, i) for any
p € Po(R?). The situation may be different when ¢ = 0 as F may reduce to events of measure zero
or one. In such a case, u(0, -, ) can be arbitrarily defined when p differs from a Dirac mass.

The Lipschitz property of u(0, -, -) is a direct consequence of Lemma 5.5 with v = 1. By a time
shift, the same argument applies to u(t, -, -). O

‘We now turn to

Proof of Proposition 5.7. For simplicity, we just denote (Xto,g’ Yto,g’ Zto’g)ogth by (X+, Y, Zi)o<t<T-
The proof is then a combination of Lemmas 3.2 and 5.6. Indeed, given ¢ € (0,7, Lemma 5.6 says
that the family (u(Z, -, 1)) yep, (ray satisfies (8) since any u € P2 (R%) can be seen as the law of some
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JFi-measurable random vector (. Therefore, for u = Px,, we can find a mapping w(t, -) that is C-
Lipschitz continuous (for the same C' as in (53)) and that coincides with u(¢,-,Px,) a.e. under the
probability measure Py,. It satisfies

(54) vee [0,T], P(Y:=w(t Xy)) =1,

t, Xt

since Y; = Y,""". In particular,

sup_[w(t,0)] < sup E[[¥il] + sup E[jw(t, X;) — w(t, 0)]

0<t<T 0<t<T 0<t<T
(35)
< sup E[|Y4|] +C sup E[|X¢] < +o0.
0<t<T 0<t<T

For any integer n > 1, we then let

2TL
T kT
v"(t,z) = 1jo,1/2n) (t)w(?n,x) + Z 1((k—1)T/27 kT /2] (t)w(ijx), t€[0,T), z € R%.
k=2
Denoting by v™ the ith coordinate of v™ for any i € {1,...,d}, we also let
vi(t, ) = limsupv™i(t,z), te[0,T], z € RY,
n—-+00
and then v(t,z) = (v'(¢,x),...,v%(t,x)). As each of the v™ is a Borel measurable function on

[0, T] x R?, so is v. Similarly, v satisfies (55) and, for any ¢ € [0, T, v(t, -) is C-Lipschitz continuous.
Finally, we notice that, for any ¢t € D,, = {kT'/2", k € {1,...,2"}}, withn € N\ {0}, and for
{>n,
vz(t’ ) =w(t,) =0t ),

so that, w(t,-) = v(t,-) forany ¢t € D = U,>1D,,. Therefore, D being countable, we deduce from
(54) that the event

A={weQ:VteD,Vi(w)=w(tXs(w)) =v(t, X¢(w))}
has measure P(A) = 1. On the event A, we notice that, for any ¢ € (0,77,

where (t,,),>1 is the sequence of points in D such that, forany n > 1, ¢, € D, and t,, — T/2" < t <
tn. Since v(ty,, -) is C-Lipschitz continuous, we deduce that, on A,

}/;f = nll}l-il-loov(tn7 Xt)7
which is to say that the sequence (v(t,, X;))n>1 is convergent. Now we observe that v(t,, X;) is
also v, (t, X¢). Therefore, the limit must coincide with v(¢, X;). This proves that, on the event A,
Y; = v(t,X;) for any t € (0,7]. By the same argument, the same holds true at ¢ = 0 (0 being
handled apart for questions of notation since the definition of v,, at time 0 is rather specific). U
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6. PROPAGATION OF CHAOS AND APPROXIMATE EQUILIBRIUM

In this section, we show how the solution of the optimal control of stochastic dynamics of the
McKean-Vlasov type can be used to handle N-player games when /N tends to +o0.

Throughout this section, assumptions (B1-4) are in force. For each integer N > 1, we consider
a stochastic system whose time evolution is given by a system of N coupled stochastic differential
equations of the form

N
i i i i i i : - 1
(56)  aU} =b(t, U}, o), B})dt + o(t, Uy, o, BH)dW/, 1<i< N; ugV:NzlaUtj,
j:

with t € [0,7] and U} = z¢, 1 < i < N. Here ((8))o<t<T)1<i<n are N RF-valued processes
that are progressively measurable with respect to the filtration generated by (W, ..., W) and have
finite L? norms over [0, 7] x €

T
Vie{l,...,N}, E/ |B2dt < +o0,
0

where, for convenience, we have fixed an infinite sequence ((W})o<i<r)i>1 of independent m-
dimensional Brownian motions. One should think of U} as the (private) state at time ¢ of agent

or player i € {1,---, N}, 3! being the action taken at time ¢ by player 5. For each 1 < i < N, we
denote by
(57) JVie,.. BN =E {g(U%, or) + / F(6 U5, Bt

0

the cost to the ith player. We then recover the same set-up as in the case of the mean field game
models studied in [7]. Anyhow, the rule we apply for minimizing the cost is a bit different. The point
is indeed to minimize the cost over exchangeable strategies: when the strategy 3 = (3 Lo pNYis

exchangeable, the costs to all the players are the same and thus read as a common cost JV4(3) =

JN( ). From a practical point of view, restricting the minimization to exchangeable strategies means
that the players are intended to obey a common policy, which is not the case in the standard mean
field game approach.

In this framework, one of our goal is to compute the limit

lim inf JV
Notoo 8 B),

the infimum being taken over exchangeable strategies. Another one is to identify, for each integer NV,
a specific set of e-optimal strategies and the corresponding state evolutions.

6.1. Limit of the Costs and Non-Markovian Approximate Equilibriums. Recall that we denote
by J the optimal cost:

T
(58) J=E [Q(XTa/lT) +/ f(t; Xta#tvd(taXt?Mta n? Zt))dt 5
0

where (X, Y:, Z;)o<t< is the solution to (42) with Xy = x¢ as initial condition, (jt)o<¢<7 denoting
the flow of marginal probability measures y; = Px,, for0 <t < T.



FBSDES AND MCKEAN VLASOV 31

For the purpose of comparison, we introduce (X!,---, X%), each X’ standing for the solu-

tion of the forward equation in (42) when driven by the Brownian motion W*. Put it differently,

(X1, -, XN) solves the system (56) when the empirical distribution 7{" is replaced by s and 3! is

given by 8! = &} with
@i = é‘(tv XZ’ Mt Y/ti7 ZZ),

the pair (Y, Z%) solving the backward equation in (42) when driven by W, Pay attention that the
processes ((O% = (X7, uy, Vi, Z1, ai))o<t<T)1<i<n are independent.

Here is the first result:

Theorem 6.1. Under assumptions (B1-4),

lim inf JY(B) = J,

N—+oo 8
the infimum being taken over exchangeable strategies [ = (B, N ). Moreover, the non-
Markovian control & = (a',--- ,a") is an approximate optimal control in the sense that
lim JN(a) = J.
N—+o00

Proof. The proof consists in comparing .J~ (B) to J for a given exchangeable strategy 3. Once again,
it relies on a variant of the stochastic maximum principle exposed in Section 4. With the above
notation, we indeed obtain

TN~ 7 = Bl ) - Khr)] + B [ (76,0852 50 = 105, Koo )) |
the identity holding true for any 1 < ¢ < N. Therefore, we can write
(59 JNB) = J =T] + 15,
with

Ti = E[(Uf — X}) - V] +E[ /0 (F(s, UL, 5, B1) — F(s, X, ey @) ds]

T3 = Elg(Ut.7) = 9(Xp ur)] = E[(U} = Xp) - Org(Kp.por)]
— EE[(U} — Xb) - 8,9( X, pur) (X))
=151~ Ty~ Ths

where we used Fubini’s theorem with the independent copies denoted with a tilde * -’
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Analysis of Ts. Using the diffusive effect of independence, we claim

Tjs = EE[(Uf — Xb) - 0u9(Xh, pr) (X7)]
N ~ . ~ . ~ .
= SB[~ X 0ug(Xh pr) (X))

j=1

)

o(&(10; - %1 °E| | Zaug bonr) (X5) — E[0,0(Xh. pr) (X))

E[(UF — XF) - 0ug (X5, 1) (X5)] + E[|UF — X5 2] PO(N71/2),

I
2]~

1

<
Il

where O(-) stands for the Landau notation. Therefore, taking advantage of the exchangeability in
order to handle the remainder, we obtain

NZ 23~ N2 ZZE (Ut — X%) - X (X%’MT)(X%)]+EUU11“—X71~|2]1/2(’)(N_1/2).
J=11i=1

Introducing a random variable 9 from (Q, F, ]f”) into R with uniform distribution on {1,..., N} as
done in the proof of Proposition 3.1, we can write

N N
1 ) 1 - _ . _ _
=D Tis =~ > EE[(UF — X0) - 0,9(XF, nr) (XD)] + E[|U} - X3P] PO(N12).
i=1 j=1

Finally, defining the flow of empirical measures

ﬂiV—NZ(SXJ, OT]

and using Propositions 3.1 and 3.3 and also Remark 3.4 to estimate the distance WQ([L¥ , ), the
above estimate gives:

N N
1 . 1 - _ _ _ _
S Ths =~ O EE[(UF — XP) - 0,9 (X5 i) (XR)] + E[[UF — X3P *O(en (D)),
i=1 j=1

where we used the notation ¢, (d) for any function of N which could be used as an upper bound for:

T 1/2
(60) B3 )]+ ([ WG mat) = Ot @),

By Remark 3.4, the left-hand side tends to 0 as N tends to +oco, since the function [0, 7] > t
E[W2(id, uut)] can be bounded independently of N. Therefore, (¢ (d))n>1 is always chosen as a
sequence that converges to 0 as N tends to +oo. When supg<;<p | X}| has finite moment of order

d + 5, Remark 3.4 says that {(d) can be chosen as N~ 1/(d+4) 1n any case, we will assume that
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{n(d) > N~/2. Going back to (59),
N

N
;ZTQL = &Z{E[Q(U% 7)) — 9(Xp, i17)] + E[(UF — X7) - 0ug(XFr, ii7)]

=1
CEE[(U - XD %(XM%(X%)}} (14 E[UL - XHP]Y2) 0y (@),

where we used local Lipschitz property of g and Remark 3.4 to replace p7 by ﬂ¥ .
Noting that a.s. under PP, the law of Uf,’i (resp. XE,%) under P is the empirical distribution E{FV (resp.
u¥ ), we can apply the convexity property of g, see (13), to get

61) fZTQ —(1+E[JUF — XA O(en (d)).

Analysis of T}. Using It6’s formula and Fubini’s theorem, we obtain
T
T) = E{/ ( (s, U;, _S ,YZ,ZZ Be) — H(S,X;,MS,KZ,Z;,(};))CZS]
0
- E[/ (Ut — XY) - 0,H(s, X2, ps, Yy, Z;,d’s)ds]
(62) 0
~ T ~ . = . —_
— EE[/ (U — X3) - 8MH(S,X§,MS,YZ A ’1)(Xz)d ]
0
:Tf1 _TfQ_Tli3'

Using the local Lipschitz property of the Hamiltonian and (60) and recalling that the limit process
(XE, e, Y, Z%, @) o<i<7 has finite S-norm (see (43)), we get:

. T . . -_— .
Tf,le[/ (H(s, Ui, 7N, Vi, Z1, %) — H(s, Xs,us,w,z;,a@)ds]+0<£N<d>>.
0
Similarly, by exchangeability:
. T N o T 1/2
Tf,zZE[/ <U;—X;>'axH<s,X;,u§V,w,z;,a;>ds]+(E / |U;—X;\2ds) Ol (d).
0 0

Finally, using the diffusive effect of independence, we have

N N T
1 . ]_ ~ . — . ~ . ~ . =L _ .
N o= 5y SEB| [ (U1 XD 0, (o, X V4,22, 61) (XD
=1 =1
1 LY T e
© = 7 YD E| [ (U= XD 0H (s, X, VY, 2L 60) (XD )ds
j=1i=1 0

T 1/2
+ <E/ Ul — X1]2ds> O(N~1/2),
0
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By Propositions 3.1 and 3.3, we have

N N T

1 : 1 - _ .

NE Tiy= N§ EE UO (U — XY 0,H (s, X!, s, Y, Z1, 1) (X7 )ds }
i=1 i=1

T B 1/2
- (IE/ U} —X51|2ds) O(N~1/?)
0

— zlvrémUOT( XY 0,H (s, X1, gy Vi Z8 al)(XP)ds ]

+ <IE /OT Ul — X;|2ds> 1/2(9(£N(d)).

In order to complete the proof, we evaluate the missing term in the Taylor expansion of T} in (62),
namely

ZEUzT—waH<sﬂ&m£@w%
in order to benefit from the convexity of H. We use Remark 3.4 once more:
RCE 1)8H@Xﬂ£iizﬂwﬂ
’ T T 1/2
o) 5| [ (8- ab)- 0ut(s, X Vi Zhabas| + (5 [ 150 alfas) 0w

_ <IE /O g a;Pds) "o,

since & is an optimizer for H. Using the convexity of H and taking advantage of the exchangeability,
we finally deduce from (62), (63) and (64) that there exists a constant ¢ > 0 such that

1 T
—N Ty, >Rk L al)?d
N; 171—6/0 ‘/83 as| S

T 1/2
(9(£N(d))<1+ sup E[|U} — X} %] +1E/ |5;a;|2ds> .
0

0<t<T
By (61) and (59), we deduce that

T
INB) > J+cIE/ 181 — al[2ds
- 0

B T 1/2
—(’)(KN(d))<1+ sup E[|U} — X/ %] +E/ |3 —a;|2ds> .
0

0<t<T
From the inequality

T
sup E[|U} — X}[?] < CE / B — alf2ds,
0<t<T 0
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which holds for some constant C' independent of IV, we deduce that
(65) TY(B) = J — Cln(d),

for a possibly new value of C, which proves that

lim inf inf JY > J.
fminfinf J7(8) = J

In order to prove Theorem 6.1, it thus remains to find a sequence of controls (5) ~>1 such that

limsup JV(BY) < J.
N—+o0 o

Precisely, we show right below that
limsup JV (@) < J,
N—+o00

thus proving that @ = (a',...,a") is an approximate equilibrium, but of non-Markovian type.

Denoting by (X!, ..., X*) the solution of (56) with 3¢ = @&, classical estimates from the theory of
propagation of chaos imply (see e.g. [16] or [10]) that
sup IE[|XZ — Xﬂ?] = sup E[[th - thm = (’)(N_l).
0<t<T 0<t<T

It is then plain to deduce that

limsup JY (@) < J.

N—+o00
This completes the proof. O

6.2. Approximate Equilibriums with Distributed Closed Loop Controls. When ¢ doesn’t depend
upon «, we are able to provide an approximate equilibrium using only distributed controls in closed
loop form. This is of real interest from the practical point of view. Indeed, in a such case, the
optimizer & of the Hamiltonian, as defined in (39), doesn’t depend on z. It thus reads as &(¢, x, p, y).
By Proposition 5.7, this says that the optimal control (o )o<t<7 in Theorem 5.1 has the feedback
form:

(66) ay = d(t, Xt,ut, ’U(t, Xt)), te [O, T]

The reader might object that, also in the case when o depends upon «, the process Z; at time ¢ is
also expected to read as a function of X}, since such a representation is known to hold in the classical
decoupled forward-backward setting. Even if we feel that it is indeed possible to prove such a rep-
resentation in our more general setting, we must address the following points: (i) From a practical
point of view, (66) is meaningful if the feedback function is Lipschitz-continuous, as the Lipschitz
property ensures that the stochastic differential equation obtained by plugging (66) into the forward
equation in (42) is solvable; (7i) In the current framework, the function v is known to be Lipschitz
continuous by Proposition 5.7, but proving the same result for the representation of Z; in terms of
X; seems to be really challenging (by the way, it is already challenging in the standard case, i.e.
without any McKean-Vlasov interaction); (i7¢) We finally mention that, in any case, the relation-
ship between Z; and X4, if exists, must be rather intricate as Z; is expected to solve the equation
Zy = 0pv(t, Xy)o(t, Xy, Px,, a(t, X4, Px,, Y:, Z;)), which can be formally derived by identifying
martingale integrands when expanding Y; = v(¢, X;) by a formal application of 1td’s formula. This
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equation has been investigated in [18] in the standard case, but we feel more convenient not to repeat
this analysis in the current setting in order to keep things at a reasonable level of complexity.

Now, for each integer N, we can consider the solution (X}, ..., X}¥)o<;<7 of the system of N
stochastic differential equations

N
(67) dXZ = b(ta tha:uivv a(t7Xta Mt7v(t7Xt)))dt + a(t7Xt7 ui\])tha /’Liv - N 5Xt37
=1

with ¢ € [0, 7] and X} = x¢. The system (67) is well posed since v satisfies Proposition 5.7 and the
minimizer &(t, x, i, y) is Lipschitz continuous and at most of linear growth in the variables x,  and
y, uniformly in ¢ € [0, 7. The processes (X*)1<;<n give the dynamics of the private states of the N
players in the stochastic differential game of interest when the players use the strategies

(68) ot = alt, XE, e, o(t, X7E)), 0<t<T, ie{l,--,N}

These strategies are in closed loop form. They are even distributed since, at each time ¢t € [0,7], a
player only needs to know the state of his own private state in order to compute the value of the action
to take at that time. By the linear growth of v and of the minimizer &, it holds, for any p > 2,
(69) sup max [E[ sup |X!|P]] < 400,
N>1 1§i§N[ [ogth Xl ”

the expectation inside the brackets being actually independent of ¢ since the strategy is obviously
exchangeable.

We then have the approximate equilibrium property:

Theorem 6.2. In addition to assumptions (B1-4), assume that o doesn’t depend upon o. Then,
TN(B) = TN (@) — o),

for any exchangeable B = (B*,-- -, BY), where « is defined in (63).

Proof. We use the same notations as in the proof of Theorem 6.1.

Since &} now reads as &(t, X}, jus, v(t, X})) for 0 < t < T, we first notice, by the growth property
of v, that E[supy<;< | X}[P] < +oo for any p > 1. As mentioned in (11) in Remark 3.4, this says
that £,y (d) in the lower bound

JN(B) > J — Ctn(d),
see (65), can be chosen as NV —1/(d+4),

Moreover, since v(t, -) is Lipschitz continuous, using once again classical estimates from the theory
of propagation of chaos (see e.g. [16] or [10]), we also have
sup E[|X; - X{’] = sup E[|X] - X/[] = 0N,

0<t<T 0<t<T

so that N N
. . B
sup Efjo) —ai]?] = sup E[jalV! —al2] = O(N7Y),
0<t<T 0<t<T
for any 1 <7 < N. It is then plain to deduce that
IN (&™) < T+ Cen(a).

This completes the proof. O
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